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CHAPTER 1 
INTRODUCTION 
This chapter is divided into three sections. The first section 
deals with a survey of the literature related to the work presented 
in this dissertation and in second section we present the synopsis 
of the dissertation. The last section consists of the basic 
definitions and notations. 
1.1 Brief history 
The theory of directed graphs or digraphs is an important 
and interesting area in graph theory. The earlier work for 
digraphs can be found in Harary, Norman and Cartwright [20], 
Chartrand [12] and Behzad, Chartrand and Lesniak-Foster [5]. 
The tournament theory is one of the richest theories in directed 
graphs because of its diverse applications. There is no analogue of 
tournament theory in case of undirected graphs. The theory of 
tournament is being studied for last many years. Up to 1965, much 
research work was carried out on tournaments but all the results 
were scattered. Harary et al [20] in 1965 for the first time, made a 
systematic study of tournaments and presented the known results 
in their book 'Structural models: an introduction to the theory of 
directed graphs'. After a year only Harary and Moser [19] 
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published a paper containing more new results along with a 
bibliography. The pioneering work on tournaments has been 
reported by Moon [27] in his book 'Topics on Tournaments', 
which was published in 1968. After 1968 much work has been 
published on tournaments in different journals. An important and 
extensive survey as well as a bibiliography (containing 95 
references) of the work on tournaments has been published by 
Reid and Beineke [50] in 1979. A very useful survey on 
tournaments by Reid [49] containing 170 references appeared in 
1996. Still the research on tournaments is being done and reported 
in various journals. 
Another class of tournaments is bipartite tournaments. The 
bipartite tournaments are the bipartite analogue of tournaments. 
Moon [25] for the first time, studied the bipartite tournaments in 
detail in his doctoral dissertation in 1962. Beineke and Moon [7] 
studied score sequences of bipartite tournaments, simple pair of 
bipartite score sequences and the decomposition of bipartite 
tournaments into strong components. Beineke [6] examined 
analogue of the results on ordinary tournaments and bipartite 
tournaments. 
The concept of /c-partite tournaments was given by Moon 
[26]. Later on Sridharan and Merajuddin [54] made a detailed 
study of tripartite tournaments. 
CHAPTER 1 
INTRODUCTIOI^ 
One of the important aspects of tournaments is its score 
structure. Tournament score structures have also been called score 
sequences [20], score vectors [27] and score lists [50]. The first 
characterization of score sequences of tournaments is due to 
Landau [22]. This fundamental result attracted the attention of 
many researchers as nearly a dozen of different proofs appear in 
the literature. Much work has been done on the scores of 
tournaments and many results can be found in the survey article 
by Reid [49]. Various structural properties of tournaments have 
been studied using the concept of score structure. 
Avery [1] characterized simple score sequences of 
tournaments. Many results for simple and strong score sequences 
can be found in Merajuddin [23]. The concept of self-converse 
score sequences of tournaments is given by Eplett [14]. Later on 
Sridharan and Merajuddin [55] gave some results for self-
converse and self-converse simple score sequences of 
tournaments. 
Beineke and Moon [7] gave an existence criterion of score 
sequences of bipartite tournaments which are analogue of 
Landau's [22] results for ordinary tournaments. Also another 
Landau type criterion for the existence of bipartite score 
sequences can be found in Ryser [51]. 
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Bagga and Beineke [3] characterized simple pair of bipartite 
score sequences. Some results for strong and simple score 
sequences of bipartite tournaments can also be seen in 
Merajuddin [23]. The concept of self-converse bipartite 
tournaments is the natural analogue of self-converse ordinary 
tournaments. In case of bipartite tournaments it v/as characterized 
by Beineke [6] and Beineke and Moon [7]. 
Some results for /c-partite score sequences are given in 
Moon [26]. Detailed study of tripartite score sequences can be 
found in Merajuddin [23]. 
The theory of oriented graphs forms one more class of 
digraphs. In 1991, Avery [2] gave the concept of score sequences 
of oriented graphs and obtained some results. The past decade has 
seen a substantial progress for the scores in oriented graphs and 
this can be seen in [2, 30, 32, 38, 46]. Pirzada et al extended the 
results of oriented graphs to oriented bipartite graphs, oriented 
tripartite graphs and also to oriented /c-partite graphs which can 
be found in [35], [33] and [34] respectively. 
The concept of score sequences has also been extended to 
2-digraphs. Pirzada and Samee [47] characterized mark sequences 
of 2-digraphs. Many results for mark sequences of 2-digraphs can 
be found in [39, 43, 47]. The generalized forms of 2-digraphs are 
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/c-digraphs (k > 2) and some results for mark sequences of 
fc-digraphs are given by Pirzada and Samee [47]. 
Another class of 2-digraphs are bipartite 2-digraphs and 
tripartite 2-digraphs. Samee et al [52] gave some results for mark 
sequences in bipartite 2-digraphs and results in tripartite 
2-digraphs are given by Merajuddin et al [24]. 
The concept of score sets is another important aspect of 
digraphs. Reid [48] for the first time gave the concept of score 
sets of tournaments. Results on score sets of tournaments can be 
found in [17, 40, 42, 56, 57, 58, 59]. Many results for score sets of 
oriented graphs can be found in [36, 41, 45].The concept of score 
sets has been also extended to mark sets of 2-digraphs and some 
results for mark sets of 2-digraphs are given by Pirzada and 
Naikoo [44]. 
We report some existing results for scores in tournaments 
and compare these results with the results in oriented graphs and 
2-digraphs. We obtain some results for self-converse and self-
converse uniquely realizable mark sequences of 2-digraphs. We 
report Gervacio's [15] concept of deviations in tournaments and 
some results for deviation sequences in tournaments given by 
Pirzada [29]. We apply the concept of deviation sequences in 
tournaments, oriented graphs and 2-digraphs to obtain some 
inequalities for deviation sequences in tournaments and also some 
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Other results in oriented graphs. We characterize deviations in 
2-digraphs and obtain more results. 
1.2 Synopsis of the dissertation 
There are many interesting fields in digraph theory. Some 
of these are tournaments, oriented graphs and 2-digraphs. This 
dissertation deals with score sequences of tournaments, oriented 
graphs and mark sequences of 2-digraphs. Work on the deviation 
sequences of score sequences of tournaments, oriented graphs and 
mark sequences of 2-digraphs is discussed. 
In Chapter 1, we begin with a survey of literature related to 
the work presented in this dissertation. We present some basic 
definitions of graphs and digraphs which provide the necessary 
ground to understand the contents presented in the subsequent 
sections. 
In Chapter 2, we study tournaments and their score 
sequences. We obtain an inequality for a score sequence of a 
tournament. We give a brief review of strong, simple, self-
converse and self-converse simple score sequences of 
tournaments. 
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Chapter 3 is on another class of digraphs known as oriented 
graphs. We study results for the scores in oriented graphs which 
include irreducible, simple, self-converse and self-converse 
simple score sequences. 
In Chapter 4, we present some existing results for marks in 
2-digraphs. We study the irreducible and uniquely realizable mark 
sequences of 2-digraphs. We characterize self-converse and 
self-converse uniquely realizable mark sequences of 2-digraphs. 
In Chapter 5, we report Gervacio's [15] concept of 
deviation sequences in tournaments and study existing results for 
the deviation sequences in tournaments. We obtain some 
inequalities for deviation sequences of the score sequences of 
tournaments. We extend this concept of deviations in case of 
oriented graphs and obtain some results for the deviation 
sequences of the score sequences of oriented graphs. 
In the last Chapter 6, we define the deviations of the marks 
of 2-digraphs. We obtain some inequalities for the deviation 
sequences of the mark sequences of 2-digraphs. At the end of the 
Chapter, we establish more results for the deviation sequences of 
irreducible, uniquely realizable and self-converse mark sequences 
of 2-digraphs. 
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1.3 Basic definitions and notations 
Now we mention some definitions which have been used in 
this dissertation. 
Definition 1.3.1; A graph G consists of a non-empty set V of 
vertices and a collection E of unordered pairs of vertices called 
edges, and symbolically a graph G is represented by G = (y,E). 
Definition 1.3.2; The order of a graph is the number of vertices 
(denoted by n) and its size is the number of edges (denoted by 
m) in it. 
Definition 1.3.3: An edge having the same vertex as both its end 
vertices is called a self-loop. 
Definition 1.3.4; More than one edge associated with a given pair 
of vertices are called parallel edges. 
Definition 1.3.5; A graph that has neither self-loop nor parallel 
edges is called a simple graph. 
Definition 1.3.6: In a multigraph, no loops are allowed but more 
than one edges between two vertices are allowed, these are called 
multiple edges. 
Note: A graph is considered to be a simple graph if nothing is 
mentioned. 
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Definition 1.3.7: When a vertex Vj is an end vertex of an edge 
ey, then Vi and BJ are said to be incident with each other. 
Definition 1.3.8; Two non-parallel edges are said to be adjacent 
if they are incident on a common vertex. Similarly, two vertices 
are said to be adjacent if they are the end vertices of the same 
edge. 
Definition 1.3.9; The number of edges incident on a vertex v^ 
with self-loop counted twice, is called the degree d(y{) of 
vertex Vj. 
Definition 1.3.10; A graph in which all vertices are of equal 
degree is called a regular graph. 
Definition 1.3.11; A vertex having no incident edge, that is a 
vertex of degree zero, is called an isolated vertex and a vertex of 
degree one is called a pendant vertex or an end vertex. 
Definition 1.3.12; A subgraph of a graph G is a graph having all 
its vertices and edges in G. Thus a subgraph of a graph G = (y, E) 
is a graph H = (U, F) with UQV and F QE. 
Definition 1.3.13; In a subgraph H = (f/, F) of a graph 
G = (V, E) when F consists of all those edges of G joining pairs 
of vertices of U, then H is called the vertex induced subgraph 
of G, and is denoted by // =< L/ > and when V is the set of end 
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vertices of the edges of F, then H = (U, F) is called an edge 
induced subgraph of G and is denoted by H =<F >. 
Definition 1.3.14; A walk is defined as a finite alternately 
sequence oif vertices and edges, beginning and ending with 
vertices such that each edge is incident with vertices preceding 
and following it. 
Vertices with which a walk begins and ends are called its 
terminal vertices. The length of a walk is the number of 
occurrence of edges in it. 
A walk which begins and ends at a same vertex is called a 
closed walk. A walk which is not closed is an open walk. 
Definition 1.3.15; An open walk in which no vertex appears more 
than once is called a path. 
Definition 1.3.16; An edge which is not a self-loop is a path of 
length one. 
Definition 1.3.17; A cycle is a closed path. 
Definition 1.3.18; If there is a path from a vertex u to a vertex v 
then V is said to be reachable from u. 
Definition 1.3.19; A graph G is said to be connected if there 
exists at least one path between every pair of vertices of G, 
otherwise it is disconnected. 
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Definition 1.3.20; A maximal comiected subgraph of a graph G is 
called a component of G. 
Definition 1.3.21; The complete graph Kn is a graph with n 
vertices in which there is exactly one edge between every pair of 
vertices. 
Definition 1.3.22; Two graphs G^ = (I^i,£'i) and G2 = (1^2'^ 2) 
are said to be isomorphic, denoted by G2 = G^, if there exists a 
one-to-one correspondence / , called an isomorphism, from vertex 
set Vi to V2 such that there is an edge (f(iL),f(v)) in E2 if and 
only if there is an edge (u, v) in Ej, 
Definition 1.3.23; A digraph D consists of a finite non-empty set 
V of vertices, known as the vertex set together with a prescribed 
collection A of ordered pairs of distinct vertices, known as the 
arc set and the digraph D is denoted by D = (y,A). 
For an arc e = (u, v) of a digraph, u and v are called the 
initial and terminal vertices of the arc e respectively. 
Definition 1.3.24; If an ordered pair (u, v) is an arc then the arc is 
adjacent from vertex u and is adjacent to vertex v. 
Definition 1.3.25; If each edge of a graph is replaced by an arc, 
the resulting structure is a digraph known as an orientation of the 
graph. 
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Definition 1.3.26: The outdegree of a vertex i? in a digraph D, 
denoted by (V'iy) or d^, is the number of arcs incident from v. 
Similarly the indegree of a vertex v, denoted by d~{v) or d^, is 
the number of arcs incident to v. 
Definition 1.3.27; The converse digraph D' = (V.A'') of a 
digraph D = (y.A) has the same vertex set V and {u,v) E A' if 
{v,u) £ A. 
Definition 1.3.28; A digraph D is said to be self-converse if 
D' = D. 
Definition 1.3.29; A directed walli in a digraph D = {V, A') is a 
sequence VQaiV-^a2 ... a^Vk where Vt^V and a^  6 4^ are such that 
^i = '^i-i^i for 1 < i < /c, and no arc being repeated. As there is 
only one arc of the form v(Uj, the walk can also be represented 
by the vertex sequence PQ^I -^fc- A vertex may appear more 
than once in a walk. 
The length of a directed walk is the number of arcs 
appearing in the directed walk. If v^ ^ VQ, the walk is called an 
open directed walk and if v^^ = VQ, the walk is called a closed 
directed walk. 
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Definition 1.3.30; A directed path is an open directed walk in 
which no vertex is repeated. A directed cycle is a closed directed 
walk in which no vertex is repeated. A digraph is acyclic if it has 
no cycles. 
Definition 1.3.31; In a digraph D = (y.A),a. vertex v is said to 
be reachable from a vertex u, if there is a path from u to v. 
Definition 1.3.32; A digraph is said to be strongly connected or 
strong, if every two of its distinct vertices u and v are such that u 
is reachable from v and v is reachable from it. 
Definition 1.3.33; In a digraph D, a strong component is the 
maximal sfrong subgraph of D. 
Definition 1.3.34; An oriented graph is a simple digraph having 
no symmetric pair of directed arcs. 
Definition 1.3.35; A tournament T = (V, A) is a complete 
oriented graph with vertex set V and arc set A i.e. for every pair 
of vertices u and v either (u, v) is an arc or (y, u) is an arc, but 
not both. 
Definition 1.3.36; A 2-digraph is an orientation of a multigraph 
which contains at most two edges between any pair of distinct 
vertices. 
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A 1-digraph is an oriented graph and a complete 1-digraph 
is a tournament. 
The other definitions, not mentioned here, can be found in 
text books oiv Graph Theory e.g. [4, 5,10,12, U, IS, 20, 21, 27, 
28]. 
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In this chapter, we begin with the study of scores in 
tournaments and present some inequalities for score sequences of 
tournaments in section 2.1. In section 2.2, we report some existing 
results for strong, simple, self-converse and self-converse simple 
score sequences of tournaments. 
2.1 Score sequences of tournaments 
A tournament T = (V, A) is a complete oriented graph with 
vertex set V = {y^, Vj,..., v„} and arc set A, that is for each pair 
of distinct vertices Vi and Vj either {vi, vf) is an arc or (Vj, Vi) is 
an arc, but not both. The score of a vertex Vj, denoted by s .^ or 
simply by s^ , is the outdegree of vertex p^. Clearly 
0 < 5i < n — 1. The score sequence S of a tournament T is 
formed by listing the scores of vertices of T in non-decreasing 
order. Thus a sequence 5 = (Si,S2, ...,s„) with 0 < Sj < S2 < 
"• < Sfi<n — 1, is the score sequence of a tournament T of 
order n. 
A tournament of order n can be considered as a result of 
competition where n participants play each other once in a match 
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that cannot end in a tie. In a tournament, player u is represented 
by vertex u, and an arc from vertex u to vertex v means that u 
defeats v. A player u obtains a total of d^ points in the 
competition, where d^ is the outdegree of vertex u, known as the 
score of vertex u. The scores of vertices are arranged in non-
decreasing order to obtain the score sequence of a given 
tournament. 
Definition 2.1.1; A score sequence S = (si,S2. ...,5„) is said to 
be realizable by a tournament T if there exists a tournament T 
with vertex set V = {v^,V2,..., Vn) such that Si is the score of 
vertex Vi for each i. Such a T is known as realization of S. 
In 1953, Landau [22] obtained necessary and sufficient 
conditions for a non-decreasing sequence of non-negative integers 
to be the score sequence of a tournament. This result is called 
Landau's Theorem. There are several proofs of this fundamental 
result in tournament theory. Many of the'se existing proofs are 
discussed in a survey by Reid [49] in 1996. 
Now we state Landau's existence criterion which is 
non-constructive. 
Theorem 2.1.1 [22]: A sequence 5" = (51,^2, ...,5„) of non-
negative integers in non-decreasing order is a score sequence of a 
tournament if and only if for 1 < /c < n, 
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i=l 
with equality when k = n. 
Landau [22] also gave an algorithm to test for an arbitrary 
integer sequence to be the score sequence of a tournament and for 
constructing the corresponding tournament from the given 
sequence. 
Many more results for scores in tournaments can also be 
found in [8], [9] and [16]. 
2.1.1 Ineaualities in tournaments 
The following inequalities for scores in tournaments are 
given by Brualdi and Shen [11]. 
Theorem 2.1.2 [11]: A sequence of non-negative integers 
5 = (Si,52, ...,s.fi) with Si< S2 < ••• < Sfi is a score sequence of 
a tournament if and only if for every subset / £ [n] = {1,2,..., n}, 
l ^ ^ - ^ - ^ - i ( ! ^ c^ -^ ) 
iei iei 
with equality when |/| = n. 
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Example 2.1.1; Let S = (1,1,1) be a score sequence of a 
tournament of order 3. For / c [3] = {1,2,3}, we have the 
following table 
/ 
'jl.isiii -
Eie/Sj 
-i)+lOJ') 
{1} 
0 
1 
{2} 
1/2 
1 
{3} 
1 
1 
Table 2.1 
{1,2} 
1 
2 
{1,3} 
3/2 
2 
{2,3} 
2 
2 
{1,2,3} 
3 
3 
We observe that inequality (2.2) is satisfied. 
Conversely, let S = (1,1,1) be a sequence which satisfies 
the condition (2.2) as we observe it from Table 2.1. Thus there 
exists a tournament T realizing this sequence from Theorem 2.1.2 
and hence S is the score sequence of tournament T. 
Theorem 2.1.2 gives a lower bound for Yiei Si. The next 
result gives an upper bound for "Ziei St and is equivalent to the set 
of lower bounds for Y,iei St as given in Theorem 2.1.2. 
Corollary 2.1.3 [11]: A sequence of non-negative integers 
5 = ( 5i, S2,..., Sn) with 5i < 52 < ••• < s„ is a score sequence of 
a tournament if and only if for any subset / £ [n] = {1,2,..., n], 
Y^Si< i ^ ( i - 1) + l|I|(2n - HI - 1) (2.3) 
16 / iei 
with equality when |/( = n. 
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Example 2.1.2; Let S = (1,1,1) be a score sequence of a 
tournament of order 3. For / £ [3] = {1,2,3}, we have the 
following table 
/ 
i 2 i a a - l ) + 5ll|(2n-|I|-l) 
^i^l^i 
{1} 
1 
1 • 
{2} 
3/2 
1 
{3} 
2 
1 
{1,2} 
2 
2 
{1,3} 
5/2 
2 
{2,3} 
3 
2 
{1,2,3} 
3 
3 
Table 2.2 
We observe that inequality (2.3) is satisfied. 
Conversely, let S = (1,1,1) be a sequence which satisfies 
the condition (2.3) as we observe it from Table 2.2. Thus there 
exists a tournament T realizing this sequence from Corollary 2.1.3 
and hence 5 is the score sequence of tournament T. 
The next Corollary 2.1.4 is due to Landau [22]. This can 
also be obtained by choosing / = {i} in Theorem 2.1.2 and 
Corollary 2.1.3. 
Corollary 2.1.4 [22]: Suppose that S = (s^,S2, ...,5^) with 
Si< S2< ••' < Sn is a score sequence of a tournament. Then for 
each i,l<i <n, 
ki-l) < Si < kn + i-2). (2.4) 
Now we obtain the next inequality for scores in 
tournaments which follows from a result given by Pirzada et al 
[46]. 
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Theorem 2.1.5; If 5 = (5i,S2, . . . , s j with Si < S2 < ••• < 5„ is 
a score sequence of a tournament, tlien 
fc k 
Y^sf >Y^ik - 1 - str (2.5) 
i = l i= l 
for 1 < k <n, with equality when k = n. 
2.2 Characterization of score sequences 
2.2.1 Strons score sequences 
A tournament is strongly connected or strong if for every 
two vertices u and v, there exists a path from u to v and 
vice-versa. A strong component of a tournament is the maximal 
strong subgraph. It is a subtoumament induced by the maximal 
set of mutually reachable vertices. 
A score sequence S is said to be strong if all the 
tournaments T with score sequence S are strong. 
Theorem 2.1.1 induces a result to find which score 
sequences of tournaments are strong. 
Theorem 2.2.1 [22]: A sequence of non-negative integers 
S = (5i,52, ....Sn) with 5i < 52 < ••• < s„ is a strong score 
sequence of a tournament if and only if for 1 < k <n — 1, 
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i= l 
n 
and 2^. = Q (2.7) 
i= l 
Example 2.2.1; Let 5 = (1,1,2,3,3) be a score sequence of a 
tournament. We note that 2]-LiSj > (2) for /c = 1,2,3,4 and 
Yd=iSi = (2) = 10. Hence 5 is a strong score sequence. 
The following result gives all the strong components a 
tournament T. 
Theorem 2.2.2 [1]: Let T be a tournament with vertex set 
^.— {^1'^2' •"'^n) and score sequence S = (Si,S2,...,s„). 
Suppose that 
p 
i= l 
1^' = © (2.9) 
and 
1=1 
k 
^ 5 i > Q , for p + l < /c < q - l , (2.10) 
where 0 < p < qf < n. 
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Then the subtoumament induced by vertices 
{i7p+i,Vp+2'-'Vq} is a strong component of T with score 
sequence (Sp+i - p, Sp+2 - V> - > h ~ P)-
A score sequence S is strong if ail the tournaments T having 
score sequence S, are strong and the strong components of 5 are 
the score sequences of strong components of T. 
Theorem 2,2.2 shows that the strong components of a score 
sequence S of a tournament are determined by the successive 
values of k for which 
^ S i = y , l<k<n, (2.11) 
i=l 
i.e. the successive values of k for which equality holds in 
condition (2.1). 
Example 2.2.2; Let S = (0,2,2,3,3,6,6,6) be a score sequence 
of a tournament. Here condition (2.11) is satisfied for fc = 1,5,8. 
Thus the strong components of S in ascending order are (0), 
(1,1,2,2) and (1,1,1). 
Definition 2.2.1; Let ^i = (5ii,5i2, ...,Si^) and ^2 = 
(•^2i'-^ 22'•••'•^2n) be score sequences of tournaments of order m 
and ,n respectively. Merajuddin [23] defined 
5 1 + ^ 2 = (Sii, Si2, - , 5 i ^ , m + 521, " I + ^22, - , m + 52n) 
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Clearly 5^ +52 is a score sequence of a tournament of 
order m + n. The operation '+' defined above is associative but 
not commutative. 
The next concept of strong component decomposition is 
given by Merajuddin [23]. 
Let S = (si,S2,...,Sn') be the score sequence of a 
tournament T. Suppose S^,S2, ...,3^ be the strong components of 
S obtained from Theorem 2.2.2. Then the strong components 
Si,S2, ...,S]( can be arranged in an ordered sequence Si,S2, - . ,5^ 
such that S = Si+ S2+ ...+ S]i. 
Such a decomposition is known as the strong component 
decomposition of the score sequence S. 
Definition 2.2.2; Let Ti,T2,...,Tk be tournaments with disjoint 
vertex sets, then T = [Ti,T2,...,Tfc] denotes the tournament 
obtained from Ti, 1 < i < k, by joining every vertex of 7} to each 
vertex of Tt with 1 < i< j < k. If Ti, i = 1,2, ...,k are the 
strong components of a tournament T, then the strong components 
can be arranged in an ordered sequence Ti,T2, ..-.T^ such that 
T = [T^.T2 m-
Such a decomposition is unique and known as the strong 
component decomposition of the tournament T. 
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2.2.2 Simvle score sequences 
A score sequence S = (si,S2, —,Sn) is said to be simple if 
all the tournaments having this score sequence are isomorphic to 
each other. Thus a simple score sequence belongs to exactly one 
tournament. 
Avery [1] characterized simple score sequences of 
tournaments. 
Theorem 2.2.3 [1]: A score sequence S of a tournament is simple 
if and only if every strong component of S is simple. 
Theorem 2.2.4 [1]: Let 5 be a strong score sequence of a 
tournament. Then 5 is a simple score sequence if and only if it is 
one of (0), (1,1,1), (1,1,2,2) or (2,2.2.2,2). 
Corollary 2.2.5 [1]: A score sequence S of a tournament is simple 
if and only if every strong component of 5 is one of (0), (1,1,1), 
(1,1,2,2) or (2,2,2,2,2). 
Example 2.2.3; Let 5 = (0,2,2,2,5,5,6,6,10,10,10,10,10) be 
a score sequence of a tournament. The strong components .of S 
are (0), (1,1,1), (1,1,2,2) and (2,2,2,2,2). Thus 5 is a simple 
score sequence. But a score sequence S = (0,2,2,3,4,4,6) of a 
tournament is not simple as one of its strong components 
(1,1,2,3,3) is not simple. 
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2.2.3 Self-converse score sequences 
Let S = (si,S2,.'.,s-n) be a score sequence of a 
tournament T. Then the converse tournament 7" of T is obtained 
by reversing the orientations of all the arcs of T and the score 
sequence S' of 7" is 
5' = (n - 1 - 5„, n - 1 - 5^_i,..., n - 1 - %). 
A score sequence 5 = (si,52, ...,5„) is said to be self-
converse if all the tournaments T having the score sequence 5 
are self-converse i.e. T' = T. 
Eplett [14] characterized self-converse score sequences of 
tournaments. 
Theorem 2.2.6 [14]: A score sequence 5 = (Si,52, ...,s„) of a 
tournament T, is self- converse if and only if 
Si + Sn+i-i = n - 1, (2.12) 
for 1 < i < n. 
Thus a score sequence 5 of a tournament is self-converse 
if and only if S' = S. 
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Let 5 be a score sequence of a tournament and 
5 = 5i + ^2 + ... + 5fc be its strong component decomposition. 
Then S' = Sl^ + 5fc_i + ••• + 5( is the strong component 
decomposition of the converse score sequence S' of S. 
Thus a score sequence 5 of a tournament is self-converse 
if and only if 
5;^ +i_i =Si , for 1 < i < /c. (2.13) 
Example 2.2.4; Let 5 = (0,2,2,2,5,5,6,6) be a score sequence 
of a tournament. The strong components of S are S-^ = (0), 
52 = (1,1,1) and 53 = (1,1,2,2). We note that the strong 
component decomposition of 5 is S — S^+ S2+ S^. 
The converse of the score sequence 5 is 5 ' = (1,1,2,2,5,5,5,7). 
The strong components of S' are S[ = (1,1,2,2), 52 = (1,1,1) 
and 53 = (0). We note that the strong component decomposition 
of 5' is S' =S[+S^+S^. 
Thus v^ e observe that the condition (2.13) is satisfied for fc = 3 
and 1 < i < 3. Hence 5 is a self-converse score sequence. 
The following results for self-converse score sequences of 
tournaments are given by Sridharan and Merajuddin [55]. 
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Theorem 2.2.7 [55]: Let 5 = ( Si,S2, ...,5^) be a score sequence 
of a tournament. Then S + S' is a self-converse score sequence 
of a tournament. 
Theorem 2.2.8 [55]: Let 5 = (si,52, ...,s„) be a self-converse 
score sequence of a tournament and S^ be any other score 
sequence of a tournament. Then Si+ S + S[ is a self-converse 
score sequence of a tournament. 
Many results for self-converse score sequences of 
tournaments can be found in Merajuudin [23]. 
2.2.4 Self-converse simple score sequences 
A score sequence 5 of a tournament which is both self-
converse and simple is called self-converse simple score sequence. 
5 = (0,1,2,..., n — 1) is a self-converse simple score 
sequence. 
The self-converse simple score sequences of tournaments 
can be generated by the following results. 
Theorem 2.2.9 [23]: If 5" is a simple score sequence of a 
tournament, then 5 + 5 ' is a self-converse simple score sequence 
of a tournament. 
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Theorem 2.2.10 [23]: Let 5 be a self-converse simple score 
sequence of a tournament and Si be any other simple score 
sequence of a tournament. Then Si+ S + S[ is a self- converse 
simple score sequence of a tournament. 
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In this chapter, we study scores in oriented graphs in section 
3.1. hi the next section 3.2, we discuss characterization of score 
sequences of oriented graphs. We report some existing results of 
irreducible, simple, self-converse and self-converse simple score 
sequences of oriented graphs. 
3.1 Score sequences of oriented graphs 
An oriented graph is a simple digraph with no 
symmetric pairs of directed arcs. Thus an oriented graph has 
no parallel arcs and no self-loops. Suppose D be an oriented graph 
of order n with vertex set V and let d^ and dy are the outdegree 
and indegree of a vertex v EV, respectively. Avery [2] defined 
ttj; = n — 1 -h dp — dy as the score of vertex v. Clearly 
0 < tty < 2n — 2. The score sequence i4 of an oriented graph D 
is formed by listing the scores of vertices of D in non-decreasing 
order. 
For any two vertices u and v of an oriented graph D, we 
have one of the following three possibilities: 
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1. An arc directed from u to v, denoted by u{l-0)v. 
2. An arc directed from v to u, denoted by u(0 - l)v. 
3. No arc directed from u to v and no arc directed from v to u, 
denoted by u(0 - 0)v. 
If dy is the number of those vertices u in D which have 
i;(0 - 0)w, then d^ + d^ + dy = n-1 and a^ = 2(dv) + d^ . 
This implies that each vertex u with v(l — 0)u contributes two 
to the score of vertex v and each vertex u with v(0 — 0)u 
contributes one to the score of vertex v. 
One of the interpretations of an oriented graph is a result of 
a competition in which participants play each other once, with an 
arc from player u to v if and only if u defeats v. A player gets 
two points for each win and one point for each tie (draw). With 
this scoring system, a player u receives a total of a„ points. 
Avery [2] gave an algorithm which provides a recursive test 
of whether a given sequence of non-negative integers is a score 
sequence of an oriented graph and for constructing the 
corresponding oriented graph. 
The following result of Avery [2] characterizes score 
sequences of oriented graphs. 
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Theorem 3.1.1 [2]: A non-decreasing sequence of non-negative 
integers A = (a^, a2,..., cin) is a score sequence of an oriented 
graph ifand only if 
y a £ > 2 ( J, for l < / c < n (3.1) 
i = l ^ ^ 
with equality when k = n. 
3.1.1 Inequalities in oriented srayhs 
Pirzada et al [37] gave the following inequalities for 
oriented graph scores. 
Theorem 3.1.2 [37]: A sequence 4^ = (ai,a2,.. . ,a^) of 
non-negative integers in non-decreasing order is a score 
sequence of an oriented graph if and only if for every subset 
/ c [ n ] = {1,2 n), 
2a,>^(i-l) + (5') (3.2) 1 I | 
with equality when |/ | = n 
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Example 3.1.1; Let A = (2,2,2) be a score sequence of an 
oriented graph of or^er 3. For / £ [3] = {1,2,3}, we have the 
following table 
/ 
lieiii - 1) + ('}') 
Sief «i 
{1} 
0 
2 
{2} 
1 
2 
{3} 
2 
2 
{1,2} 
2 
4 
{1,3} 
3 
4 
{2,3} 
4 
4 
{1,2,3} 
6 
6 
Table 3.1 
We observe that inequality (3.2) is satisfied. 
Conversely, let A = (2,2,2) be a sequence which satisfies 
the condition (3.2) as we observe it fi'om Table 3.1. Thus there 
exists an oriented graph D realizing this sequence from Theorem 
3.1.2 and hence A is the score sequence of an oriented graph D. 
Theorem 3.1.2 gives a lower bound for ^^g; a .^ The next 
result gives an upper bound for ^t^j a^  and is equivalent to the 
lower bound for Xie/ ^i as given in Theorem 3.1.2. 
Theorem 3.1.3 [37]: A sequence i4 = (a i , a2, ...,a„) of 
non-negative integers in non-decreasing order is a score sequence 
of an oriented graph if and only if for every subset I Q[n] = 
[1,2,...,n}, 
2 a^  < ^ ( i - 1) + 1 |Il(2n - HI - 1) (3.3) 
le/ iei 
with equality when |/1 = n. 
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Example 3.1.2: Let A = (2,2,2) be a score sequence of an 
oriented graph of order 3. For I Q [3] = {1,2,3}, we have the 
following table 
I "^ 
I.iei (i - 1) + 
i | I | ( 2 n - | I | - l ) 
HiGI O-i 
(1> 
2 
2 
(2} 
3 
2 
{3\ 
4 
2 
U,2\ 
4 
4 
{13\ 
5 
4 
(2,S> 
6 
4 
U,23> 
6 
6 
Table 3.2 
We observe that inequality (3.3) is satisfied. 
Conversely, let A = (2,2,2) be a sequence which satisfies 
the condition (3.3) as we observe it from Table 3.2. Thus there 
exists an oriented graph D realizing this sequence from Theorem 
3.1.3 and hence A is the score sequence of an oriented graph D. 
Theorem 3.1.4 [37]: If ^ = (%,02, ...,a„) is a score sequence 
of an oriented graph, then for each i, 1 < i <n. 
( i - 1 ) < at < (n + i-2). (3.4) 
Theorem 3.1.5 [46]: If-<4 = ( %, 02,..., On) is a score sequence of 
an oriented graph, then 
k k 
^af >Y^(i2k - 2 - ad' 
i=l i=l 
(3.5) 
for 1 < /c < n, with equality when k ~n. 
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3.2 Characterization of score sequences 
3.2.1 Irreducible score sequences 
An oriented graph D is reducible if it is possible to partition 
its vertex set into two non-empty subsets V^ and V2 in such a way 
that there is an arc from every vertex of V2 to each vertex of 
Let Di and D] be induced oriented graphs having vertex 
sets Vi and V2 respectively. Then the reducible oriented graph D 
consists of Di and D2 and arcs from every vertex of D2 to each 
vertex of D ,^ and denoted by D = [D ,^ D2]. If this is not possible, 
then the oriented graph D is irreducible. 
If Di, D2,..., DL are irreducible oriented graphs with disjoint 
vertex sets, then D = [Di,D2,—,Dk] denotes the oriented graph 
i, 1 < i < k, and arcs from every vertex of Dj 
1 < i < j < fc. In this case, D^,D2, ...,£>/£ 
are irreducible components of D, and such a decomposition is 
called the irreducible component decomposition of the oriented 
graph D. 
A score seqiience A is said to be irreducible if all the 
oriented graphs D having score sequence A are irreducible. 
having all arcs of Di 
to each vertex of Di 
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Note: In case of tournament, a score sequence 5 = (s^, S2,..., 5„) 
used to decide whether a tournament T having score sequence S, 
is strong or not. But this is not true in case of oriented graphs. 
For example, the oriented graphs Di and D2 in Figure 3.1, both 
have score sequence (2,2,2), where D^ is strong but D2 is not. 
D2 
O 
Fig. 3.1 
Pirzada [32] characterized irreducible oriented graphs. 
Theorem 3.2.1 [32]: Let D be an oriented graph having score 
sequence A = {a^,a2,..., a^). Then D is irreducible if and only 
if for k = l,2,...,n- 1, 
2 fl,- > 2 (2) (3.6) 
i= l 
n 
and X^'^^G) ^^••^^ 
i= l 
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Example 3.2.1; Let A = (1,3,5,5,7,9) be a score sequence of 
an oriented graph. We note that Yi'i=iCLi>'2-{2) ^^^ 
k = l,2,3,4.S and i:f=iai = 2 © = 30. Hence .4 is an 
irreducible score sequence. 
The following result gives all the irreducible components of 
an oriented graph D. 
Theorem 3.2.2 [32]: Let D be an oriented graph with vertex set 
V = [Vi,V2,...,Vfi] and score sequence A = (^a^,a2,...,a„). 
Suppose that 
p 
^ a i = 2 Q , (3.8) 
i = l 
q 
l^'-^il) (3.9) 
i = l 
k 
and A ^^  ^ ^ ( 2 ) ' ^^^ P+ '^^ k < q-1, (3.10) 
1=1 
where 0 < p < q^  < n. 
•Then the subgraph induced by the vertices Vp+i,Vp+2> —>'^q 
is an irreducible component of D with score sequence 
i^v+i ~ 2P' S+2 - 2p,..., aq - 2p). 
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A score sequence A is irreducible if all the oriented graphs 
D having score sequence A are irreducible and the irreducible 
components of A are the score sequences of irreducible 
components of D. 
Theorem 3.2.2 shows that the irreducible components of a 
score sequence i4 of an oriented graph are determined by the 
successive values of k for which 
fe A: 
y a i = 2f V forl<k<n, (3.11) 
i= l 
i.e. the successive values of k for which equality holds in 
condition (3.1). 
Example 3.2.2; Let A = (0,3,4,5,9,9) be a score sequence of 
an oriented graph. Here condition (3.11) is satisfied for 
k = 1,4,6. Thus the irreducible components of A in ascending 
order are (0), (1,2,3) and (1,1). 
Definition 3.2.1; Let A^ = (a^^^, ai2, - , ciim) and ^2 = (^2i' 
'^ zzi -'^271) be score sequences of oriented graphs of order m 
and n respectively. Pirzada [29] defined 
Ai+A2 = (%!, ai2,...; a i^ , 2m + a2i, 2m + a22. ••. ,2m + a2n) 
Clearly Aj^ + i42 is a score sequence of an oriented graph of 
order m + n. The operation '+' defined above is associative but 
not commutative. 
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Definition 3.2.2: Let A = (ai,a2, .•-,«„) be a score sequence of 
an oriented graph. Suppose yl^Mz'-Mfc are the irreducible 
components of i4. The irreducible components 4^^ ,^ 42, ...,^4^ can 
be arranged in an ordered sequence such that 
A = A^+ A2+ ...+ Aj,. 
Such a decomposition is known as the irreducible 
component decomposition of the score sequence A. 
3.2.2 Simple score sequences 
A score sequence is simple if it belongs to exactly one 
oriented graph. 
The following results for simple score sequences of oriented 
graphs are due to Pirzada [32]. 
Theorem 3.2.3 [32]: A score sequence A of an oriented graph is 
simple if and only if every irreducible component of A is simple. 
Theorem 3.2.4 [32]: A score sequence A of an oriented graph is 
simple if and only if every irreducible component of A is either 
(0) or (1,1). 
Example 3.2.3: Let A = (0,3,3,7,7) be a score sequence of an 
oriented graph. The irreducible components of A are (0), (1,1) 
and (1,1). Therefore i4 is a simple score sequence. But a score 
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sequence A = (0,4,4,4,8) of an oriented graph is not simple as 
one of its irreducible components (2,2,2) is not simple. 
Some other results for simple score sequences of oriented 
graphs can also be found in Pirzada [29]. 
3.2.3 Self-converse score sequences 
Let D be an oriented graph, then the converse D' of D is 
obtained by reversing the orientations of all arcs of D. Let 
A = (%, a2,..., a„) be a score sequence of an oriented graph D, 
then the score sequence N of the converse oriented graph D' is 
Pi — (2n — 2 — a„, 2n — 2 - a„_i,..., 2n — 2 — a^) 
An oriented graph D is said to be self-converse if D' = D. 
Pirzada [30] gave the following results for self-converse 
score sequences of oriented graphs. 
Theorem 3.2.5 [30]: A score sequence A = (%, a2, ...,a„) is a 
score sequence of a self-converse oriented graph if and only if 
at + an+i-i =272-2 , for l<i<n. (3.12) 
Definition 3.2.3; A score sequence A is self-converse if all the 
oriented graphs D, having score sequence A, are self-converse. 
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Thus Theorem 3.2.5 is equivalent to say that a score 
sequence A = (a^, a2,..., a„) of an oriented graph is self-converse 
ifandonlyif 
Ui + a„+i_i = 2n - 2, for 1 < i < n, (3.13) 
i.e. A' = A. 
Also if A = A2^+A2-\ \-Ak is the irreducible 
component decomposition of a score sequence i4 of an oriented 
graph, then A'= A'^ + A'j^.-^^-\ \-A[ is the irreducible 
component decomposition of the converse score sequence A' of 
A. 
Thus a score sequence A of an oriented graph is self-
converse if and only if 
i4fc+i_j =Ai, for 1 < i < k. (3.14) 
Example 3.2.4: Let .4 = (0,3,3,7,8,9,13,13) be a score 
sequence of an oriented graph. The irreducible components of A 
are A^ = (0), A2 = (1,1), A^ = (1,2,3) and A^ = (1,1). We 
note that the irreducible component decomposition of A is 
A = A-i^ + A2 + A^-^ A4. 
The converse score sequence of ^ 4 is A' = (1,1,5,6,7,11,11,14). 
The irreducible components of .4' are A[ = (1,1), A2 = (1,2,3), 
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A3 = (1,1) and A'^ = (0). We note that the irreducible 
component decomposition oiA' is A' ^ A'^+ A'2 + A'-^ + A'^, 
Thus we observe that the condition (3.14) is satisfied for /c = 4 
and 1 < i < 4. Therefore /I is a self-converse score sequence. 
The next results are given by Pirzada [30]. 
Theorem 3.2.6 [30]: Let /I be a score sequence of an oriented 
graph. Then the score sequence A+ A' is a self-converse score 
sequence of an oriented graph. 
Theorem 3.2.7 [30]: Let yl be a self-converse score sequence of 
an oriented graph and B be any other score sequence of an 
oriented graph. Then B + A + B' is a self-converse score 
sequence of an oriented graph. 
3.2.4 Self-converse simple score sequences 
A score sequence i4 of an oriented graph which is both 
self-converse and simple is called self-converse simple score 
sequence. 
i4 = (0,2,4,.,.,2n —2) is a self-converse simple score 
sequence of an oriented graph. 
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The following results were obtained by Pirzada [30]. 
Theorem 3.2.8 [30]: If i4 is a simple score sequence of an 
oriented graph, then A+ A' is a self-converse simple score 
sequence of an oriented graph. 
Theorem 3.2.9 [30]: Let i4 be a self-converse simple score 
sequence of an oriented graph and B be any other simple score 
sequence of an oriented graph. Then B -\- A + B' is a self-
converse simple score sequence of an oriented graph. 
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In Chapter 2, we studied score sequences of tournaments 
and in Chapter 3, score sequences of oriented graphs were 
discussed. Now we study mark sequences of 2-digraphs in section 
4.1 and in the next section, we summarize irreducible and 
uniquely realizable mark sequences. We characterize self-
converse and self-converse uniquely realizable mark sequences of 
2-digraphs and obtain some new results in the same section. 
4.1 Mark sequences of 2-disraDhs 
A 2-digraph is an orientation of a multigraph which 
contains at most two edges between any pair of distinct vertices. 
Let Z) be a 2-digraph of order n with vertex set V and let d:^ and 
d^ denote the outdegree and indegree, respectively of vertex 
V EV. Pirzada and Samee [47] defined the mark (or 2-score) p^ of 
a vertex v as p.^ = 2n-2 + d^ ~ d~. Clearly 0 < p^ < 472 - 4. 
A sequence P = (Pi,p2/ -'Vn) with Pi < Pz ^ •" ^ Pn is called 
the mark sequence of 2-digraph D, where Pi,P2, -.Vn are the 
marks of sthe vertices of D. 
A 2-digraph can be interpreted as a result of a competition 
in which participants play each other at most twice, with an arc 
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from u to V if and only if u defeats v. A player receives two 
points for each win and one point for each tie (draw). In this case 
players do not play one another or the competition between two 
players yields no result. With this marking system, player u 
obtains a total of p^ points. 
There are six possibilities between any two vertices u and v 
ofa2-digraph. 
1. Exactly two arcs directed from u to v, and no arc directed 
from V to li, denoted by u(2 — 0)p. 
2. Exactly two arcs directed from v to w, and no arc directed 
from u to 17, denoted by w(0 — 2)v. 
3. Exactly one arc directed from u to v, and exactly one arc 
directed from v to u, denoted by u ( l — V)v. 
4. Exactly one arc directed from u to v, and no arc directed 
from V to u, denoted by it(l — 0)i7. 
5. Exactly one arc directed from v to u, and no arc directed 
from u to V, denoted by ii(0 — V)v. 
6. No arc directed from u to v, and no arc directed from v 
to u, denoted by u(0 — 0)1?. 
A mark sequence P of non-negative integers in non-
decreasing order is said to be realizable by a 2-digraph D if there 
exists a 2-digraph D with mark sequence P. 
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Pirzada and Samee [47] characterized mark sequences of 
2-digraphs. 
Theorem 4.1.1 [47]: A sequence P = {Vi>V2> ->Vrd of 
non-negative integers in non-decreasing order is a mark sequence 
of a 2-digraph if and only if for 1 < /c < n, 
k 
Y^Pi>2kik-l) (4.1) 
i=l 
with equality when k = n. 
4.1.1 Inequalities in 2-disravhs 
Brualdi and Shen [11] obtained some inequalities for score 
sequences of tournaments. Pirzada and Naikoo [43] reported 
similar inequalities for mark sequences of 2-digraphs. 
The following result gives a lower bound for Ytei Pi-
Theorem 4.1.2 [43]: A sequence P = iPi,P2>—>Pn) of non-
negative integers in non-decreasing order is a mark sequence of 
a 2-digraph if and only if for every subset I ^  [n] = [1,2,..., TI}, 
^ P i > 2 ^ ( i - l ) + 2('2') (4.2) 
'|Ih 
iei ie/ 
with equality when \\\ —n. 
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Example 4.1.1; Let P = (4,4,4) be a mark sequence of a 
2-digraph of order 3. For I Q [3]= {1,2,3}, we have the 
following table 
/ 
2liE/(i-l) + 
T.iP, Pi 
{1} 
0 
4 
(2} 
1 
4 
{3} 
4 
4 
{1,2} 
4 
8 
{1,3} 
6 
8 
{2,3} 
8 
8 
{1,2,3} 
12 
12 
Table 4.1 
We observe that inequality (4.2) is satisfied. 
Conversely, let P = (4,4,4) be a sequence which satisfies 
the condition (4.2) as we observe it from Table 4.1. Thus there 
exists a 2-digraph D realizing this sequence by Theorem 4.1.2 and 
hence P is the mark sequence of a 2-digraph D. 
The next result gives a set of upper bounds for Xie; Pi ^^^ 
is equivalent to the set of lower bounds for J i^e/ Pi as given in 
Theorem 4.1.2. 
Theorem 4.1.3 [43]: A sequence P = (Pi,P2> —>PTI) of non-
negative integers in non-decreasing order is a mark sequence of a 
2-digraph if and only if for every subset / £ [n] = {1,2,..., n], 
^ P i < 2 ^ ( i - 1) + | l | ( 2n - HI - 1) (4.3) 
iei iei 
with equality when |/| = n. 
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Example 4.1.2; Let P = (4,4,4) be a mark sequence of a 
2-digraph of order 3. F o r / £ [ 3 ] = {1,2,3}, we have the 
following table 
/ 
2l.ie, (.i - 1) + | I | ( 2 n - | I l - l ) 
T.is, Pi 
(1} 
4 
4 
{2} 
6 
4 
{3} 
8 
4 
(1,2} 
8 
8 
(1,3} 
10 
8 
(2,3} 
12 
8 
(1,2,3} 
12 
12 
Table 4.2 
We observe that inequality (4.3) is satisfied. 
Conversely, let P = (4,4,4) be a sequence which satisfies 
the condition (4.3) as we observe it from Table 4.2. Thus there 
exists a 2-digraph D realizing this sequence by Theorem 4.1.3 and 
hence P is the mark sequence of a 2-digraph D. 
Theorem 4.1.4 [43]: If P = (Pi,P2> -,Pn) is a mark sequence 
of a 2-digraph, then for each i, 1 < i <n, 
2 ( i - l ) < Pi < 2(n + i - 2 ) . (4.4) 
Theorem 4.1.5 [43]: If P = ( p^, p2,..., Pn) is a mark sequence of 
a 2-digraph, then for 1 < fe < n, 
Y^pf >J^(4k-4 - PO' (4.5) 
i= l i=l 
with equality when k = n. 
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4.2 Characterization of mark sequences 
4.2.1 Irreducible mark sequences 
A 2-digraph is reducible if it is possible to partition its 
vertex set into two non-empty subsets V^ and V2 in such a way that 
there are exactly two arcs directed from every vertex of V2 to all 
vertices of Vi, and there is no arc from any vertex of Vi to any 
vertex of V2. 
If Di and D2 are induced 2-subgraphs having vertex sets 
Vi and V2 respectively, then the reducible 2-digraph D, denoted 
by [Di,D2], consists of all arcs of £>i and D2 and exactly two arcs 
directed from every vertex of D2 to each vertex of Dj. If this is 
not possible, the 2-digraph D is said to be irreducible. 
Let D = [D^, D2,..., Df] be a 2-digraph having all the arcs of 
Di, 1 < i < t, and exactly two arcs from every vertex of Dj to 
each vertex of Di, 1 < i< j < t. Then D^,D2, ...,Dt: are called the 
irreducible components of D and such a decomposition is called 
the irreducible component decomposition of 2-digraph D. 
The next result characterizes irreducible 2-digraphs. 
Theorem 4.2.1 [47]: Let D be a 2-digraph with mark sequence 
P = iPi>P2>->Pn)- Then D is irreducible if and only if for 
1 < A : < n - 1 , 
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n. 
ypi>2kik-r) (4.6) 
i= l 
n 
and y* Pi = 2n(n - 1 ) (4.7) 
Example 4.2.1; Let P = (2,4,8,12,14) be a mark sequence of a 
2-digraph D. We note that I]f=i Pi > 2kik - 1) for k = 1,2,3,4 
and I]f=iPi = 2 * 5(5 — 1) = 40. Hence D is an irreducible 
2-digraph. 
Theorem 4.2.2 [47]: Let D be a 2-digraph with vertex set 
V = {vi,V2,...,Vfi} and mark sequence P = (Pi,P2>—>Pn)-
Suppose that 
r 
Y^Pi = 2r(r-l), (4.8) 
i = l 
t 
^ P i = 2 t ( t - 1 ) (4.9) 
i = l 
k 
and yPi> 2A;(/c - 1), for r + 1 < /c < t - 1, (4.10) 
i=l 
where 0 < r < t < n. 
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Then the 2-subgraph induced by the vertices 
Vr+i,Vy.+2>'">Vt is an irreducible component of D with mark 
sequence (pr+i - 4r, Pr+2 " 4r,..., pt - 4r). 
A mark sequence P is irreducible if all the 2-digraphs D 
having mark sequence P, are irreducible and the irreducible 
components of P are the mark sequences of irreducible 
components of D. 
If D = [Di, D2,.-, Dt] is the irreducible component 
decomposition of a 2-digraph D with mark sequence P, then the 
irreducible components Pj of P are the mark sequences of the 
2-subgraphs induced by the vertices of I>j, 1 < i < t. 
Theorem 4.2.2 shows that the irreducible components of a 
mark sequence P of a 2-digraph are determined by the successive 
values of k for which 
k 
Ypi = 2k{k - 1), fori <k<n. (4.11) 
Example 4.2.2; Let P = (0,5,8,11,18,18) be a mark sequence 
of a 2-digraph. Here condition (4,11) is satisfied for k = 1,4,6. 
Thus the irreducible components of P in ascending order are (0), 
(1,4,7) and (2,2). 
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Definition 4.2.1: Let Pi = (Pii,Pi2>->Pim) and P2 = 
(P2i>P22>->P2Ti) be mark sequences of 2-digraphs of order m 
and n respectively. We define 
Pi + P2 = (.Pii>Pi2> ...,Pim'4m + p2iAm + P22, -Am + Pzn)-
Clearly P^ + P2 is a mark sequence of a 2-digraph of order 
m + n. The operation '+' defined above is associative but not 
commutative. 
Let P = (pi,P2> -iPn) be a mark sequence of a 2-digraph 
and let P^, P2,..., P^ be the irreducible components of P obtained 
from Theorem 4.2.2, then Pi,P2' -'^/c can be ordered such that 
P = Pi-l- P2+ ... + Pfc. 
Such a decomposition is known as the irreducible 
component decomposition of mark sequence P. 
4.2.2 Uniquely realizable mark sequences 
A mark sequence is uniquely realizable if it belongs to 
exactly one 2-digraph. 
The characterization of uniquely realizable (simple) score 
sequences of tournaments was given by Avery [1] and in case of 
oriented graphs, Pirzada [32] characterized uniquely realizable 
(simple) score sequences. 
Pirzada and Samee [47] characterized uniquely realizable 
mark sequences of 2-digraphs. 
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Theorem 4.2.3 [47]: A mark sequence P of a 2-digraph D is 
uniquely realizable if and only if every irreducible component of 
P is uniquely realizable. 
Theorem 4.2.4 [47]: A mark sequence P of a 2-digraph is 
uniquely realizable if and only if every irreducible component of 
P is either (0) or (1,3). 
Example 4.2.3: Let P = (0,5,7,13,15) be a mark sequence of a 
2-digraph. The irreducible components of P are (0), (1,3) and 
(1,3). Therefore P is a uniquely realizable mark sequence. But 
mark sequence P = (0,5,8,11,16) of a 2-digraph is not uniquely 
realizable as one of its irreducible components (1,4,7) is not 
uniquely realizable. 
Definition 4.2.2: Let P = iPi.Pz.->Pn) be a mark sequence of 
a 2-digraph D. The converse 2-digraph D' of D is obtained by 
reversing the orientations of all the arcs of D and the mark 
sequence P' of D' is 
P' = (4n - 4 - p„, 4n - 4 - p„_i,..., 4n - 4 - pj. 
Theorem 4.2.5; A mark sequence P of a 2-digraph is uniquely 
realizable if and only if the mark sequence P' of the converse of 
the 2-digraph is uniquely realizable. 
Proof: Let P be the uniquely realizable mark sequence and 
suppose that there exist two 2-digraphs D^  and D2 realizing the 
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mark sequence P and hence D2 S Dj. This implies that D'2 = D{ 
that means P' is the mark sequence of D[ and D2. Hence P' is 
also a uniquely realizable mark sequence. 
Conversely, let P' be the uniquely realizable mark sequence and 
let Dx and D2 be two 2-digraphs realizing it i.e. D2 = D .^ This 
implies that £>2 = D[ that means (P')' = P is the mark sequence of 
D[ and D2. Hence P is also a uniquely realizable mark 
sequence. D 
4.2.3 Self-converse mark sequences 
A mark sequence P = {Vi>V2> ->Vn) is said to be 
self-converse if all the 2-digraphs D having mark sequence P are 
self-converse i.e. D' = D. 
Thus the mark sequence P of a 2-digraph D is a self-
converse if and only if P' = P. 
P = (0,4,8,..., 4n — 4) is a self-converse mark sequence. 
Eplett [14] characterized self-converse score sequences of 
tournaments and Pirzada [30] gave the concept of self-converse 
score sequences of oriented graphs. 
Now we characterize the self-converse mark sequences of 
2-digraphs. 
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Theorem 4.2.6; A mark sequence P = (Pi,P2>-iPn) of a 
2-digraph is self-converse if and only if 
Pi + Pn+i-i = 4n - 4, for 1 < i < n. (4.12) 
Proof; Let P = (Pi,p2, —iPn) be a self-converse mark sequence 
of a 2-digraph D. Then the mark sequence P' of the converse 
2-digraph D' is 
P' = (4n - 4 - p„,4n - 4 - p^.i , ...,4n - 4 - pi). 
Since P is a self-converse mark sequence, then by definition all 
the 2-digraphs D having mark sequence P are self-converse i.e. 
D' = D. This implies that P' = P and hence 
4n - 4 - Pn+i-i = Pi for 1 < i < n. 
or 
Pi + Pn+i-i = 4n - 4 for 1 < i < n. (4.13) 
Conversely, let P - (Pi,P2,-,Pn) be a mark sequence of a 
2-digraph D and the condition (4.12) holds. That is 
Pi + Pn+i-i = 4n - 4, for 1 < i < n 
Thus 
4n - 4 - p„+i_^ = p.., for 1 < i < n (4.14). 
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It is clear from equation (4.14) that P' = P, and hence F is a 
self-converse mark sequence of a 2-digraph. D 
Merajuddin [23] gave, the concept of strong component 
decomposition of score sequence of a tournament and Pirzada 
and Samee [47] defined the irreducible component decomposition 
of mark sequence of a 2-digraph. 
Let P be a mark sequence of a 2-digraph and let 
P = ?! + P2 + ... + Pfc be its irreducible component 
decomposition. Then P' = Pl^+ Pl^_^ + ...-\-P[ is the irreducible 
component decomposition of the converse mark sequence P' of 
P. 
Thus a mark sequence P of a 2-digraph D is self-converse 
if and only if 
Pfc+i_i =^Pi for 1 < i < /c. (4.15) 
Example 4.2.4; Let P = (0,5,8,11,17,19) be a mark sequence 
of a 2-digraph. The irreducible components of P are P^ = (0), 
P2 = (1,4,7) and P3 = (1, 3). We note that the irreducible 
component decomposition of P is P = Pj -I- P2 + P3. 
The converse mark sequence P' of P is P' = (1,3,9,12,15,20). 
The irreducible components of P' are P[ = (1,3), P2 = (1,4,7) 
and P3 = (0). We note that the irreducible component 
decomposition of P' is P' = P^ ' + P2 + P3. 
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Thus we observe that the condition (4.15) is satisfied for fc = 3 
and 1 < i < 3. Hence P is a self-converse mark sequence. 
Merajuddin [23] gave the concept of generating more 
self-converse score sequences from the known score sequences of 
tournaments. Here similar results in case of mark sequences of 
2-digraphs are obtained. 
Theorem 4.2.7; Let P = (Pi,P2, —>Pn) be a mark sequence of a 
2-digraph D. Then P + P' is a self-converse mark sequence of a 
2-digraph. 
Proof I: Let P be a mark sequence of a 2-digraph D and P' be 
the mark sequence of the 2-digraph D', the converse of D. 
For a mark sequence P = (pi, P2,..., Pn) of a 2-digraph D, we get 
P' = (4n - 4 - p„,4n - 4 - p„_i, ...,4n - 4 - p j . 
Now 
P + P' = (Pi,P2, •••,Pn»4n + 4 n - 4 - p „ , 4 n + 4 n - 4 
- p„_i,..., 4n + 4n - 4 - p^) 
= (Pi> V2> - , Pn, 8n - 4 - Pn,..., 8n - 4 - Pi) 
= \^l> ^2> — > ^n> Xn+1> — > ^ 2 n ) (4.16) 
where Xi^pi for 1 < i < n 
Xi = 8n - 4 - P2n+i-i for n + l<i<2n (4.17) 
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Thus we get 
Xi + X2n+i-i = 8n - 4 for 1 < i < 2n. (4.18) 
and hence the mark sequence P + P' becomes self-converse .D 
Proof II; Let P = Pi+ P2+ ... + Pfc be the irreducible 
component decomposition of a mark sequence P of a 2-digraph. 
Hence P' = Pl^+ P^.-L + ... + Pi is the irreducible component 
decomposition of the converse mark sequence P' of P. Thus 
P + P' = P i + P2+ ... + Pfc + Pfc+ ... + P2' + Pi (4.19) 
Therefore 
(P + P ' ) ' = (Pi + P2 + ..• + PR + PIC+ Pk-i+ ..• + P2+PD' 
= (Pir+(p^)'+.-.+(PI,. J + {p'j + (p,)'+... + 
{P2y+(Pi)' 
Since (P/)' = P^  for 1 < i < A:, we get 
(P + P') ' = / ' i + P2+ ... + Pk-i + Pk + P;:+ ... + P^  + P^  
Thus we have from equation (4.19) 
(P + P') ' = P + P' (4.20) 
Hence P + P' is a self-converse mark sequence of a 2-digraph. D 
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Theorem 4.2.8; Let P = (jpx,V2> ••'>Pn) be a self-converse mark 
sequence of a 2-digraph and Q be any other mark sequence of a 
2-digraph. Then Q + P + Q' is a self-converse mark sequence 
of a 2-digraph. 
Proof; Let Q = (qi, q2,..., qm) be a mark sequence of a 2-digraph 
and hence 
Q' = ( 4 m - 4 - q ^ , 4 m - 4 - q f ^ _ i , . . . , 4 m - 4 - q i ) . 
Now 
Q + P + Q' = (qi, q2i - / Rm' 4m + pi, 4m + Pz* - Am + Pn. 
4(m + n) + 4m - 4 - qm,..., 4(m + n) + 4m - 4 
= (.Ri> R2> "• > Rm' 4m + pi, 4m + P2,..., 4m + p„, 
8m + 4n - 4 - q^,..., 8m + 4n - 4 - q^) 
— \.Xi, X2,...; Xjfi, ^771+1, ^ rn+2' —' ^ m+n> ^m+n+l> •^m+n+2> •••' ^2m+n) 
where 
Xi = qt for 1 < i < m 
x^+i = 4?n + Pi for 1 < i < n 
^m+n+i = 8m + 4n - 4 - q^+i-i for 1 < i < m (4.21) 
N o w Xj + X2m+n+l-j = ^; + ^m+n+On+l-j) 
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Then for 1 < ; < m, 
Xj + ^im+n+i-j = q; + 8m + 4n - 4 - q^+i_(„i+i_y), 
= qy + 8m + 4n - 4 - qj, 
= 8m + 4n - 4, 
Thus 
:<:y + ^zm+n+i-y = 4(2m + n) - 4, for 1 < ; < m (4.22) 
Again, Xj + X2m+n+l-j — Xm+(j-m) "^  ^m+(m+n+l-7)' 
Then for m + 1 < 7 < m + n, 
^y + ^27n+n+l-; = 4m + P y . ^ + 4m + P7n+n+l-;' 
= 8m + Pj-m + Pn+l-U-m)' 
= 8m + 4n — 4, as P is self-converse. 
Thus for m + 1 < y < m + n, 
Xj + X2m+n+i-j = 4(2m + n) - 4 (4.23) 
From equations (4.22) and (4.23), we have 
Xj + X2m+n+i-j = "^i^m + n) - 4, for 1 < ;• < 2m + n (4.24) 
Hence Q + P + Q' is a self-converse mark sequence of a 
2-digraph. D 
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Then for l<j<m, 
Xj + X2m+n+l-j = q; + 8m + 4n - 4 - qm+l-(m+l-jy 
= qy + 8m + 4n - 4 - qy, 
= 8m + 4n - 4, 
Thus 
Xj + X2m+n+i-j = 4(2m + n) - 4, for 1 < ; < m (4.22) 
Again, Xj + X2m+n+l-j ~ ^m+0'-"i) "^  X-pi+(jji+n+l-j)> 
Then for m + l<j<m + n, 
Xj + X2m+n+l-j ~ '^^ "'" Pj-m + "^^ + Pm+n+l-; ' 
= 8m + py_j„ + Pn+i-(j-m)> 
= 8m + 4n — 4, as P is self-converse. 
Thus for m + 1 < ;• < m + n, 
Xj + X2m+n+i-j = 4(2m + n) - 4 (4.23) 
From equations (4.22) and (4.23), we have 
Xj + X2m+n+i-j = 4(2m + n) - 4, for 1 < ; < 2m + n (4.24) 
Hence Q + P + Q' is a self-converse mark sequence of a 
2-digraph. D 
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Proof II; Let F be a self-converse mark sequence of a 2-digraph 
and Q be another mark sequences of a 2-digraph. Then the 
irreducible component decompositions of P and Q are given by 
P = P^+ P2+ ... + Pk and Q = Qi+ Q2+ - + Qt 
Then 
P' = Plc+ Pk-i+ •.. + Pl and Q' = Q't+ Q'„-^+ ... + Qi 
Since P is a self-converse mark sequence of a 2-digraph, thus 
Pk+i-i = Pi for l<i<k. (4.25) 
Now Q + P-^Q' = Qi+ Q2+ ...+ Qt-i + Qt + Pi+ P2 + 
... + Pk-i + Pk + Qt+ Qt-i + - + Q2 + Q'i (4.26) 
Therefore 
(Q + P + Q'y = iQ^+ Q2+ ••• + Qt-i + Qt + Pi+ P2+ - + 
Pk-i + /^c + Qt + Q't-i + - + <32 + Qi)' 
rn'\' {Q'lJ + (Q2)' + - + (Qt-l)' + WO' + (P/c)' + (Z'fc-l)' + 
+ (^2)' + (Pi)' + (Qt)' + {Qt-iJ + - + (Q2)' + (<?i)' 
• fni^t (<3D' + (QD' + - + (<?t-i)' + {Q'ty + Plc + PLi + - + 
P2 + Pi + Qt + Qt-i+ - + Q2 + Q[ 
Since ((?•)' = Qi for 1 < i < t 
and P;J+i_f = Pj for 1 < i < /c, from equation (4.25) 
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Thus we have 
( Q + P + Q')' = Qi+ <22+ - + <3t-i + Qt + ^1 + ^2+ ••• + 
/'k-i + /^c + Q[ + <?t-i + .-+Q2 + QI 
From equations (4.26), we get 
(Q + P + <3')'= Q + P + Q' (4.27) 
Hence Q + P •\- Q' is a self-converse mark sequence of a 2-
digraph. n 
4.2.4 Self-converse uniquely realizable mark sequences 
A mark sequence P of a 2-digraph which is both self-
converse and uniquely realizable is called self-converse uniquely 
realizable mark sequence. 
P = (0,4,8, ...,4n —4) is a self-converse uniquely 
realizable mark sequence of a 2-digraph. 
Theorem 4.2.9; If P is a uniquely realizable mark sequence of a 
2-digraph then P + P' is a self-converse uniquely realizable mark 
sequence of a 2-digraph. 
Proof; P + P' is a self-converse mark sequence of a 2-digraph is 
by Theorem 4.2,7. Since P is a uniquely realizable mark sequence 
and hence P' is also a uniquely realizable mark sequence by 
Theorem 4.2.5. The irreducible components of the mark sequence 
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P + P' are the irreducible components of mark sequences P and 
P'. But P and P' being uniquely realizable mark sequences, all 
the irreducible components of P and P' are also uniquely 
realizable by Theorem 4.2.3. Thus each of the irreducible 
component of the mark sequence P + P' is also uniquely 
realizable and hence P + P' is a uniquely realizable mark 
sequence by Theorem 4.2.3. Thus P + P' is a self-converse 
uniquely realizable mark sequence of a 2-digraph. D 
Theorem 4.2.10; Let P be a self-converse uniquely realizable 
mark sequence of a 2-digraph and Q be any other uniquely 
realizable mark sequence of a 2-digraph. Then Q + P + Q' is a 
self-converse uniquely realizable mark sequence of a 2-digraph. 
Proof; Q + P + Q' is a self-converse mark sequence of a 
2-digraph by Theorem 4.2.8. Since Qisa uniquely realizable mark 
sequence, thus Q' is also a uniquely realizable mark sequence by 
Theorem 4.2.5. The irreducible components of the mark sequence 
Q + P + Q' are the irreducible components of mark sequences Q, 
P and Q'. As Q, P and Q' are all uniquely realizable mark 
sequences, the irreducible components of Q, P and Q' are also 
uniquely realizable by Theorem 4.2.3. Hence each of the 
irreducible component of the mark sequence Q + P + Q' is also 
uniquely realizable. Therefore Q + P + Q' is a. uniquely realizable 
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mark sequence by Theorem 4.2.3. Hence Q + P + Q' is a self-
converse uniquely realizable mark sequence of a 2-digraph.D 
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AND ORIENTED GRAPHS 
In this chapter, we study deviations in tournaments and 
oriented graphs. In the first section' 5.1, we begin with the 
Gervacio's [15] concept of deviation sequences of score 
sequences of tournaments and study the results given by Pirzada 
[29]. We obtain some inequalities for deviation sequences in 
tournaments. In the next section 5.2, we obtain new results for the 
deviation sequences of score sequences of oriented graphs. 
5.1 Deviation sequences in tournaments 
Gervacio [15] defined the deviation sequence of a score 
sequence (5i,52, ...,5„) of a tournament to be the sequence 
(^1,^2, ...,d„), where di = Si — {i — V) and di is called the 
deviation of 5^  for 1 < i < n. 
A score sequence (si,52, ...,s„) is non-decreasing if and 
only if di - di+-^ < 1 for each i < n. 
It can be easily checked that for each k, 1 <k <n, 
k k 
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The following result characterizes the deviation sequence of 
a score sequence of a tournament. 
Theorem 5.1.1 [IS]: A non-decreasing sequence of integers 
S = (i"i, S2,..., Sfi) is a score sequence of a tournament if and only 
if for l<k<n, its deviation sequence D = (_di,d2, ...,dn) 
satisfies the inequality 
k 
ydi>0 (5.2) 
i= l 
with equality when k = n. 
5.1.1 Characterization of score sequences 
Pirzada [29] studied the deviation sequences of strong, 
simple and self-converse score sequences of tournaments. 
Theorem 5.1.2 [29]: Let D = (di,d2, ...,dn) be the deviation 
sequence of a score sequence S = (s^, S2,.... Sn) of a 
tournament. Then every deviation dj of score Sj, for 1 < i < n, 
satisfies the inequalities 
^(1 ~ 0 < di < lin - i). (5.3) 
Theorem 5.1.3 [29]: Let D = {d-^, di,.... d^) be the deviation 
sequence of a score sequence 5 = (5-1,52, ...,5„) of a tournament. 
Then 5" is strong if and only if 
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y dj > 0, for 1 < /c < n - 1 (5.4) 
i= l 
n 
and y df = 0 (5.5) 
i = l 
Example 5.1.1: Let S = (2,2,2,2,2) be a score sequence of a 
tournament. The deviation sequence of S is D = (2,1,0,-1,-2). 
We observe that Y,i=idi > 0 for /c = 1,2,3,4 and T.f=idi = 0. 
Thus 5 is a strong score sequence. 
The following result gives all the strong components of a 
score sequence 5 of a tournament. 
Theorem 5.1.4 [29]: Let D = ( di, d2,..., dn) be the deviation 
sequence of a score sequence S = {s^, S2,..., s„) of a tournament. 
Suppose that 
p 
Y^di = 0, (5.6) 
i = l 
Q 
^ rfi = 0 (5.7) 
i= l 
k 
and 
i=l 
where 0 <p < q <n 
^ di > 0, for p + 1 < /c < q - 1, (5.8) 
Then the score sequence with deviation sequence 
( rfp+i, djj+2' - ' dq), is a strong component of S of a tournament. 
Theorem 5.1.4 shows that the deviation sequences of the 
strong components of a score sequence 5 of a tournament are 
determined by the successive values of k for which 
k 
Ydi = 0, for 1 < fc < n (5.9) 
£ = 1 
i.e. the successive values of k for which equality holds in 
condition (5.2). 
Example 5.1.2: Let S = (2,2,2,2,2,6,6,1,7) be a score 
sequence of a tournament. The deviation sequence of 5 is 
D = (2 ,1 ,0 , -1 , -2 ,1 ,0 ,0 , -1) . Here condition (5.9) is satisfied 
for fc = 5,9. Thus the deviation sequences of the strong 
components of 5 in ascending order are (2 ,1 ,0 , -1 , -2 ) and 
(1,0,0,-1) . 
Theorem 5.1.5 [29]: A score sequence of a tournament is simple 
if and only if each of its strong component has deviation 
sequence one of the (0), (1,0,-1), (1,0,0,-1) or 
(2 ,1 ,0 , -1 , -2 ) . 
Example 5.1.3; Let S = (0,2,2,2,4) be a score sequence of a 
tournament. The deviation sequence D of 5 is D = (0,1,0, -1 ,0) . 
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The deviation sequences of tlie strong components of S are (0), 
(1,0,-1) and (0). Therefore 5 is a simple score sequence. But 
score sequence S = (0,2,2,3,4,4,6) of a tournament having 
deviation sequence (0,1,0,0,0,-1,0), is not simple as the 
deviation sequence of one of its strong components is 
(1,0,0,0,-1). 
Definition 5.1.1: Let D = (dj, ^2,..., d„) be the deviation 
sequence of a score sequence S = (Si,S2. ...,5„) of a tournament 
T. Pirzada [29] defined 
D' = C-dn,-dn-i,...,-di) 
as the deviation sequence of score sequence S' of the converse 
tournament T'. 
Theorem 5.1.6 [29]: A score sequence S = (Si,S2, —,Sn) of a 
tournament is self-converse if and only if its deviation sequence 
D = (di, d2,..., dfi) satisfies 
di + dn+i-i = 0 (5.10) 
for all i, 1 <i < n. 
Thus a score sequence 5 of a tournament is self-converse 
i.e. S' = S if and only if 
D' = D. 
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Definition 5.1.2; Suppose Di = (dii, di2, ."/rfim) '^^ d D2 — 
(d2i,d22, •••i< 2^n) ^^^ the deviation sequences of score sequences 
5i = (Sii,Si2, ...,S:^rn) and S2 = (S2i,522, ...,S2n) of toumaments 
of order m and n respectively. Pirzada [29] defined 
Di + D2 — ( r fn ; rfl2» ••• I dlm> " 2 1 ' ^22 ' •••' ^ 2 n ) ' 
Clearly Di + £>2 is the deviation sequence of the score sequence 
•J 1 + -J 2 • 
Let Z)i, 1)2' —' ^ k t>^  the deviation sequences of the strong 
components S^,S2, ...,3^ of a score sequence S = (si,S2, -..,5^) 
whose deviation sequence is D = (d^, d2,..., d„). Then the 
deviation sequence D and its converse D' can uniquely be 
decomposed as 
D = Di+ D2+ ...+ Dfc 
and D ' = Dfc + Dfc_i+ ••• + !){ 
Thus a score sequence 5 of a tournament is self-converse if and 
only if 
Dlc+i-i = Di for l<i<k. (5.11) 
Example 5.1.4; Let 5 = (0,2,2,2,5, S, 6,6) be a score sequence 
of a tournament. The deviation sequence of S is 
D = (0,1,0, -1,1,0,0, - 1 ) with the decomposition 
D = D^+ D2 + Z)3, where D^ = (0), D2 = {1,0, - 1 ) and 
i)3 = (1,0,0,-1). 
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The deviation sequence D' of the converse of D is 
D' = (1,0,0, -1 ,1 ,0 , -1 ,0 ) with the decomposition 
D' = D[ + D'2-^D'^, where Z){ = (1,0,0,-1), D^ = (1,0,-1) 
and D'^ = (0). 
Thus we see that the condition (5.11) is satisfied for /: = 3 and 
1 < i < 3. Hence 5 is a self-converse score sequence. 
5.1.2 Inequalities in tournaments 
Now we obtain some inequalities for the deviation 
sequences of score sequences of tournaments. 
Theorem 5.1.7: A non-decreasing sequence of non-negative 
integers S = (s^, S2,..., s„) is a score sequence of a tournament if 
and only if for / £ [n] = {1,2, ...,n}, its deviation sequence 
D = ( di, £^21 - , dn) satisfies the inequality 
ie; iei 
with equality when \I\ = n. 
Proof; Brualdi and Shen [11] reported that a non-decreasing 
sequence of non-negative integers 5 = (Si,52, ...,s„) is a score 
sequence of a tournament if and only if for / £ [n] = {1,2,..., n], 
l^'>-il^^-^^-iO 
iei ie/ 
with equality when 1/| = n. Now 
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ie/ iei iei 
with equality when |/1 = n. So 
ie/ 16/ ie/ 
with equality when \I\ =n. Therefore 
I(.-(.-i)).-iZa-i).i© 
ie/ ie/ 
with equality when |/| =n. Thus 
^ d, > 4 ^ ( i - 1) + i ('2') as dt = Si-{i- 1) 
ie/ ie/ 
with equality when |/| = n. Hence 
i / | Ih Z'^'^C.ViIo-^) 
ie/ ie/ 
with equality when |/ | = n.D 
Theorem 5.1.8; A non-decreasing sequence of non-negative 
integers 5 = (si, 52,..., s„) is a score sequence of a tournament if 
and only if for I Q[n] = {1,2, ...,n], its deviation sequence 
D = ( di, (^ 2; — / dn) satisfies the inequality 
Y^di< i|I|(2n - HI - 1) - i ^ O - 1) (5.13) 
ie/ ie/ 
with equality when I/| =71. 
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Proof; Brualdi and Shen [11] reported that a non-decreasing 
sequence of non-negative integers to be the score sequence of 
a tournament if and only if 
^ S i < i ^ ( i - l ) + i l I l ( 2 n - | I | - l ) 
with equality when |/| = n. Now 
^ 5, < ^ ( i - 1) - i ^ a - 1) + J|I|(2n - III - 1) 
iei 16/ iei 
with equality when j/j = n. So 
Y^Si- ^ ( i - 1) < - ^ ( i - 1) + ^|I|(2n - jlj - 1) 
isi iei iei 
with equality when j/j = n. Thus 
Y,('i - (^  - D) ^ 4 Z ^ ' " 1)+^iii(2^- III -1) 
iei iei 
with equality when |/| = n. 
Since dt = Si — (i — 1), therefore 
2] d, < - i ^ ( i - 1) + i|I|(2n - HI - 1) 
16/ 16/ 
with equality when j / | = n. Hence 
^ d i < i | I | ( 2 n - | I | - l ) - 2 0 - l ) 
16/ 16/ 
with equality when |/| = n.D 
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Theorem 5.1.9: Let D = (di,d2,...,d„) be the deviation 
sequence of a score sequence S = (si^Sz, ...,s„) of a tournament. 
Then 
k k 
^df >Y^{1 - d,y - k (5.14) 
i = l i = l 
for 1 < k <n, with equality when k = n. 
Proof: For the deviation sequence D = (d^, d2, ...,dn) of a score 
sequence S = (^Si,S2,..-,Sfi) of a tournament, we know that 
k 
o<ydi 
i=l 
for 1 < k <n, with equaUty when k = n. Now 
k 
i = l 
for 1 < /c < n, with equality when fc = n. Thus 
fc fc k 
^ d? + A: < 2 y di + y df + A: 
i = l i = l i= l 
for 1 < /c < n, with equality when /c = n. So 
k k k 
^ d? - 2 ^  di + /c < y d? + /c 
i = l £=1 i= i 
for 1< k <n, with equality when fc = n. Therefore 
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dl + dj + - + dl- 2di - 2^2 2 ^ + 1 + 1 + - + 1 
fc times 
k 
<ydf+k 
i = l 
for 1< k <n, with equality when k =n. Thus 
k 
(1 - di)2 + (1 - ^2)^ + - + (1 - d„y <^df + k 
i=l 
for 1 < k <n, with equality when k = n.So 
k k 
Y^a-diy<Y^df+k 
i= l i = l 
for 1 < /: < 71, with equality when k = n. Hence 
k k 
Y^a - dif - k <Y^df j 2 
i = l i= l 
for 1 < /: < n, with equality when k = n. D 
Theorem 5.1.10; Let D = (di,d2,...,dn) be the deviation 
sequence of a score sequence 5 = (s^, S2,..., s„) of a tournament. 
Then 
k k 
^ df > Y^ik - 1 - diy - kik - 1)2 (5.15) 
i=l i=l 
for 1 < k <n, with equality when k = n. 
Proof: For the deviation sequence D = (d^, ^2,..., d^) of a score 
sequence S = (s^, S2,..., s^) of a tournament, we know that 
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k 
i = l 
for 1 < k <n , with equality when k = n. Now 
0 < 2 ( / c - l ) y di 
i~l 
for 1 < k <n, with equality when k = n.So 
k k k 
) 
for 1 < k <n, with equality when k = n. Thus 
fc fc fc 
^ d? - 2(/c - 1 ) ^ df + A:(/c - 1)^ < y df + Kk - ly 
i=l i=l i=l 
for 1 < k <n, with equality when k = n. Therefore 
dl + dj + - + dl- 2{k - l)di 2(/c - 1)4 
+ (/c-l)2 + (/c-l)2 + ..- + (/c-l)2 
k times 
< ^ d f + /c(A:-iy 
1=1 
for 1 < k <n, with equality when k — n.^o 
(k-1- di)2 + (k-l- d^Y + - + (fc - 1 - dfc)2 
< ^ d f + /c(fc-l)^ 
i= l 
for 1 < /c < n, with equality when k = n. Thus 
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y (fc - 1 - dif ^ ^ rff+Kk - ly 
i=l i=l 
for 1 < k <n, with equality when k = n. Hence 
k k 
Y^ik-i-diy-kik-iy<Y^df 
i=l i=l 
for 1 < k <n, with equality when /c = n.D 
5.2 Deviation sequences in oriented srayhs 
Pirzada [29] defined the deviation sequence of score 
sequence 4^ = (%,02,...,a„) of an oriented graph to be the 
sequence D = (di, ^2, ...,dn) where dj = ai — 2(i — 1) and di is 
called the deviation of ai, for each i,l<i<n. 
A score sequence A = (a^, a2,..., a^) is non-decreasing if 
and only if dj — dj+i < 2 for each i < n. 
It can be easily checked that for each k,l<k<n 
k k 
^d,=^a,-2y (5.16) 
i= l i= l 
The next result characterizes the deviation sequence of a 
score sequence of an oriented graph. 
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Theorem 5.2.1 [29]: A non-decreasing sequence of non-negative 
integers A = (,cii, a^,..., a^) is a score sequence of an oriented 
graph if and only if for 1 < fc < n, its deviation sequence 
D = (di, ^2; - ; d-n) satisfies ths inequaiity 
k 
ydi>0 (5.17) 
i = l 
with equality when k = n. 
5.2.1 Inequalities in oriented srayhs 
Now we establish some inequalities for the deviation 
sequences of score sequences of oriented graphs. 
Theorem 5.2.2; A non-decreasing sequence of non-negative 
integers A = (ai,a2, ...,a„) is a score sequence of an oriented 
graph if and only if for / c [n] = {1,2, ...,n}, its deviation 
sequence D = {d-^, ^2,..., d„) satisfies the inequality 
i&l iei 
with equality when |/| = n. 
Proof: Pirzada et al [37] reported that a non-decreasing sequence 
of non-negative integers is a score sequence of an oriented graph 
if and only if for I Q [n] = {1,2,..., n]. 
I-'-I^-^^-O 
lef ie[ 
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with equality when |/| = n. Now 
^a,>2^(i-l)-2;0-l) + g ) 
16/ iei ie/ 
with equality when IJI = n. So 
iei i&i i£i 
with equality when 1/| =n. Therefore 
^ ( a i - 2 ( i - l ) ) > - ^ ( i - l ) + ('2') 
16/ iei 
with equality when |/| = n. Thus 
I..-Ia-i).('?) 
id iirl \ ' 
as di = a^  — 2(i — 1) 
V /i / 
16/ 16/ 
with equality when |/| = n. Hence 
i:^<^5-Z(-^) 
16/ 16/ 
with equality when |/| = n.D 
Theorem 5.2.3; A non-decreasing sequence of non-negative 
integers A = (ai, a2, ...,a„) is a score sequence of an oriented 
graph if and only if for I ^ [n] = [1,2, ...,n], its deviation 
sequence D = {d-^, dz,..., d„) satisfies the inequality 
Y^dt< i|I|(2n - HI - 1) - ^ ( i - 1) (5.19) 
16/ iei 
with equality when |/| = n. 
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Proof; Pirzada et al [37] gave a result that a non-decreasing 
sequence of non-negative integers is a score sequence of an 
oriented graph if and only if 
^ a , < ^ ( i - l ) + i | l | ( 2 n - l l | - l ) 
16/ 16/ 
with equality when |/| = n. Now 
^ a i < 2 ^ a - 1) - ^ ( i - 1) + ^ | I K 2 n - HI - 1) 
ie/ ie/ ie/ 
with equality when |/I = n. So" 
^ ai - 2 ^ ( i - 1) < - ^ ( i - 1) + i|I|(2n - |I| - 1) 
16/ 16/ 16/ 
with equality when |/| = n. Therefore 
^ ( a , - 2(1 - D) < - ^ ( i - 1) + i|I|(2n - |I| - 1) 
16/ 16/ 
with equality when 1/| = n. 
Since di = ai — 2(i — 1), we have 
^ d i < - ^ a - l ) + i | I | ( 2 n - | l | - l ) 
16/ 16/ 
with equality when [/| = n. Hence 
^ d i < ^ | l | ( 2 n - | I | - l ) - ^ a - l ) 
16/ 16/ 
with equality when [/| = n.D 
Theorem 5.2.4: Let D = idj^,d2, ...>dn) be the deviation 
sequence of a score sequence /I = (ai,a2,..., a„) of an oriented 
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graph. Then every deviation dj of score a^  , for 1 < i < n, 
satisfies the inequalities 
(1-0 < di < (n-i). (5.20) 
Proof; Pirzada et al [37] established that 
( i - 1 ) < at < (Ti + i - 2 ) 
Since di = a^ — 2(i — 1) and hence a^  = di + 2(i — 1), we get 
(i-1) < di + 2(i-l) < (n + i-2) 
(i-l)-2(i-l) < di < (n + i-2)-2(i-l) 
-(i-1) < di < in-i) 
(1-i) < di < (n-i).n 
Theorem 5.2.5; Let D = (di,d2,...,dn) be the deviation 
sequence of a score sequence A = (%, a2,..., a„) of an oriented 
graph. Then 
k k 
^ d f > ^ ( 2 - r f , ) 2 - 4 / c (5.21) 
i = l i=l 
for 1 < k <n, with equality when k = n. 
Proof; For the deviation sequence D = (d^, ^2, •••, d„) of a score 
sequence i4 = (a^, a2...., a„) of an oriented graph, we have 
k 
i=l 
for 1 < k <n, with equality when k = n. Now 
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k 
0<4Ydi 
for 1 < k <n, with equality when k = n.So 
k k k 
y df + 4/c < 4 y dj + y d? + 4/c 
i = l i = l i= l 
for 1 < k <n, with equality when k = n. Thus 
k k k 
y d? - 4 y di + 4/c < y df + 4/c 
i = l i= l i = l 
for 1 < k <n, with equality when k = n. Therefore 
df + d| + - + dl- 4di - 4d2 4dfc + 4 + 4 + - + 4 
fc times 
fc 
< y d? + 4k 
i=l 
for 1 < k <n, with equality when k = n. Thus 
k 
(2 - di)2 + (2 - d2)2 + •••+ (2 - dfe)2 ^ y f^ + 4A: 
i = l 
for 1 < k <n, with equality when fc = n. So 
fc fc 
^ ( 2 - d 0 2 < ^ d f + 4/c 
for 1 < fc < n, with equality when k = n. Hence 
fc fc 
^(2-d i )2 -4 fc<2] r f f J2 
i = l i= l 
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for 1 < k <n, with equality when k = n.n 
Theorem 5.2.6; Let D = (di, ^2, - ; dn) be the deviation 
sequence of a score sequence A = (a^, a2,..., a„) of an oriented 
graph. Then 
fc k 
Y d? > y ( 2 / c - 2 - di)2 - 4/c(/c - if (5.22) 
for 1 < k <n, with equality when k = n. 
Proof; For the deviation sequence D = (di, ^2' - ' ^ n) of a score 
sequence A = (a^, a2,..., a^ )^ of an oriented graph, we have 
fc 
i= l 
for 1 < k <n, with equality when k = n. Now 
fc 
0<4(A:-l)ydj. 
i=i 
for 1 < k <n, with equality when fc = n. So 
fc fc fc 
^ d? + 4fc(fc - 1)2 < 4(fc - 1) J^di + ^ df + 4fc(fc - 1)2 
i= l j=l i=l 
for 1 < fc < n, with equality when k = n. Thus 
fc fc fc 
^ d? - 4(fc - 1 ) ^ di + 4fc(fc - 1) ' < ^  d? + 4fc(fc - 1)2 
i=i i=i i=i 
for i < fc < n., with equality when k = n. Therefore 
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K n. n. 
y df - 2(2k - 2) y df + k(2k - 2)^ < ^ dj + 4fc(/c - 1)^  \2 
T ^ 1 = 1 i = l 
for 1 < k < n, with equality when /c = n. So 
dl + di + "- + dl- 2(2fc - 2)di - 2(2A: - 2)^2 - -
- 2(2fc - 2 ) 4 + (2k - 2)2 + - + (2/c - 2)^ 
fc times 
< y d?+4k(k - ly 
1=1 
for 1 < k <n, with equality when k = n. Thus 
(2/c - 2 - di)2 + (2/c - 2 - dz)^ + - + (2/c - 2 - dfc)^  
k 
< y d? + 4/c(/c - 1)2 
i = l 
for 1 < /c < n, with equality when k = n. Therefore 
k k 
Y(2k - 2 - diY < y d? + 4/c(/c - 1)^  
i = l i= l 
for 1 < k <n, with equality when k = n. Hence 
k k 
^(2 /c - 2 - di)2 - 4/c(/c - 1)' ^ y df 
i = l i = l 
for 1 < k <n, with equality when k = n.U 
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5.2.2 Characterization of score sequences 
Now we obtain some results for the deviation sequences of 
irreducible, simple and self-converse score sequences of oriented 
graphs. 
Theorem 5.2.7; Let D = (di, dz, ...,dn) be the deviation 
sequence of a score sequence A = (ai,a2, ...,<2„) of an oriented 
graph. Then >4 is an irreducible score sequence if and only if 
for 1 < /c < n - 1, 
fc 
Ydi>Q (5.23) 
i= l 
n 
and y dj = 0 (5.24) 
Proof: Pirzada [32] gave a result that a score sequence 
A = (%, a2, ...,a„) of an oriented graph is an irreducible score 
sequence if and only if for 1 < /: < n — 1, 
k n 
2^ai> kQi - 1) and / a^  = n{n - 1). 
i = l i= l 
Then for 1 < /c < n - 1, 
k n 
y a^  - A:(/c - 1) > 0 and V a^  - n{n - 1) = 0. (5.25) 
Since di = a^  — 2(i — 1), we have 
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K. K. n. n. 
^di=^ai-2^(i-l) = ^ ai-/c(/c-l) 
i=l i=l i=l i = l 
n n n n 
and 
1=1 i=i i=i i=i 
Using these values in condition (5.25), we get 
k n 
0 
i=i i=l 
Hence the result. D 
71 II n '!• 
y di> 0 and y di = 
Example 5.2.1; Let A = (2,3,4,5,6) be a score sequence of an 
oriented graph and hence D = (2 ,1 ,0 , -1 , -2) is the deviation 
sequence of A. We observe that T/i=idi > 0 for k = 1,2,3,4 
and Tif=idi = 0. Thus ^ 4 is an irreducible score sequence. 
The following result gives all the irreducible components of 
a score sequence A of an oriented graph. 
Theorem 5.2.8; Let D = (d^, d2,..., d„) be the deviation 
sequence of a score sequence A = (aj, a2,..., a„) of an oriented 
graph having vertex set V = {vi, V2,..., Vn)- Suppose that 
V 
y di = 0, (5.26) 
i=l 
Q 
^ di = 0 (5.27) 
i= l 
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k 
and Ydi>0, forp+ 1 < k < q-1, (5.28) 
i=l 
where0 <p <q <n. 
Then the score sequence with deviation sequence 
(dp+i, dp+2' —' dq), is an irreducible component of 4^. 
Proof; Let D = (dj, ^2* - ; ^n) be the deviation sequence of a 
score sequence A = (aj, a2, ...,a„) of an oriented graph having 
vertex set V = {Vi; Vz* - * i^ n) ^^^ with conditions (5.26), (5.27) 
and (5.28). 
Now substituting d^  = a^  — 2(i — 1) in above conditions, we get 
p q 
Y^iUi - 2(i - 1)) = 0, ^(a^ - 2(i - D) = , . 0 
i = l . i= l 
y (ai - 2(i - 1)) > 0, forp + 1 < k <q-l, 
k 
and 
i=l 
where 0 <p < q <n. Thus 
p p Q q 
Y^at- 2 ^ ( i - 1) = 0, ^ a ^ - 2 ^ ( i - 1) = 0 
i = l i = l i= l i = l 
and y Of - 2 y (i - 1) > 0 forp + 1 < k <q-l, 
i = l i = l 
where 0 < p < q^  < n. Therefore 
^ fli - P(p - 1) = 0, ^ aj - q(q - 1) = 0 
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and y tti - /c(/c - 1) > 0 for p + 1 < /c < q - 1, 
i = l 
where 0 < p < q < n. Hence 
p Q 
2^ai = p(p-l), 2_^ai = q(_q - 1) 
i=l i=l 
k 
and y ai> k(k - 1) for p + 1 < /c < q - 1, 
where 0 <p < q <n. 
Then using Pirzada's [32] result, we have 
The subgraph induced by the vertices Vp+i, Vp+2> - , Vg is an 
irreducible component of the oriented graph. Thus the score 
sequence of this irreducible component of oriented graph is also 
irreducible. The deviation sequence of the above irreducible 
component of score sequence is (dp+i,dp+2, ...,dq). Hence the 
score sequence with deviation sequence ( dp+i, dp+2. - ; dq), is an 
irreducible component of A.D 
Theorem 5.2.8 shows that the deviation sequences of the 
irreducible components of a score sequence A of an oriented graph 
are determined by the successive values of k for which 
k 
di = 0, for 1 < /c < n (5.29) 1 
i=l 
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i.e. the successive values of k for which equality holds in 
condition (5.17). 
Example 5.2.2: Let A = (0,3,4,5,9,9) be a score sequence of 
an oriented graph. The deviation sequence of ^ is D = 
(0 ,1 ,0 , -1 ,1 , -1) . Here condition (5.28) is satisfied for 
k = 1,4,6. Thus the deviation sequences of the irreducible 
components of A in ascending order are (0), (1,0,-1) and 
(1, - 1 ) . 
Theorem 5.2.9; A score sequence of an oriented graph is simple 
if and only if all of its irreducible components have deviation 
sequences either (0) or (1, —1). 
Proof; Pirzada [32] reported that a score sequence of an oriented 
graph is simple if and only if each of its irreducible components is 
either (0) or (1,1). The deviation sequences corresponding to 
these components of the score sequence are (0) or (1 , -1) 
respectively. Hence the result. D 
Example 5.2.3: Let A = (1,1,4,7,7) be the score sequence of an 
oriented graph. The deviation sequence D of A is D = 
(1 , -1 ,0 ,1 , -1) . The deviation sequences of the irreducible 
components of i4 are (1,-1) , (0) and (1 , -1) . Therefore .4 is a 
simple score sequence. 
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Let A = (2,2,2,7,7) be another score sequence of an oriented 
graph. The deviation sequence D of 4^ is D = (2,0, —2,1, —1) 
and the deviation sequences of the irreducible components of A 
are (2,0,-2) and (1,-1) . Clearly A is not a simple score 
sequence as the deviation sequence of one of its irreducible 
components is (2,0, —2). 
Definition 5.2.1; Let D = (d^, ^2; — * ci„) be the deviation 
sequence of a score sequence A = (ai,a2, ...,a„) of an oriented 
graph D. The score sequence A' of the converse oriented graph is 
A' = (2n - 2 - a i^, 2n - 2 - a„_i,... ,2n - 2 - %) . 
The deviation sequence D' of A' is given by 
D' is called the converse of D. 
Theorem 5.2.10: A score sequence A = (a^, a2, ...,a„) of an 
oriented graph is self-converse if and only if its deviation 
sequence D = (dj,^2,..., d„) satisfies 
di + dn+i-i = 0 for 1 < / < n. (5.30) 
Proof: Pirzada [30] showed that a score sequence 
A = (ai,a2, ...,a„) of an oriented graph is self-converse if and 
only if 
^i + <^n+i-i = 2n - 2 for 1 < i < n. 
Substituting ai = di + 2(i - 1) in above condition, we have 
di + 2(i -1) + dr,+^_i + 2((n + 1 - 0 - 1) = 2n - 2 
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for 1 < i < n. So 
di + dn+i-i + 2(n - 1) = 2n - 2 
for 1 < i < n. Thus 
di + dn+i-i = 0 
f o r l < i < n . D 
Theorem 5.2 JO is equivalent to say that a score sequence A 
of an oriented graph is self-converse i.e. A' = A if and only if 
D' = D. (5.31) 
Definition 5.2.2; Suppose Z)i = (dn, d i2 ' - ' ^ im) and D2 = 
(^21,^22' —'d2n) ate the deviation sequences of score sequences 
^1 = ia.ii>(^i2>->aim) and A2 = (,a2i,a22.-,ci2n) of oriented 
graphs of order m and n respectively. We define 
£>i + D2 = (^dii, di2,..., dim> d2i, d22> —; d2n) 
Clearly D^ + D2 is the deviation sequence of the score sequence 
Ai + A2. 
Let Di,D2, ...,Dj^ be the deviation sequences of the 
irreducible components A-^,A2,...,Ak of a score sequence 
A = (ui, a2,..., a„) whose deviation sequence is D = 
(di,d2....,dn). Then the deviation sequence D and its converse 
D' can uniquely be decomposed as 
D=D-^+ D2+ ...+ Dk (5.32) 
mi^ V' =D^-hZ)^_j -h"'-hD{ (5.33) 
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Thus a score sequence A of an oriented graph is self-converse if 
and only if 
Dfc+i_i = Dj for 1 < i < /c. (5.34) 
Example 5.2.4; Let A = (1,1,5,5,8) be a score sequence of an 
oriented graph. The deviation sequence of A is 
D = (1 , -1 ,1 , -1 ,0 ) and the deviation sequences of irreducible 
components of A are D^ = (1 , -1) , D2 = (1 , -1) and D3 = (0). 
The deviation sequence of the converse score sequence A' is 
D' = (0,1, —1,1, —1) and the deviation sequences of the 
irreducible components of A' are D[ = (0), D'2 = (1, —1) and 
Thus we observe that the condition (5.34) is satisfied for fc = 3 
and 1 < i < 3. Therefore 4^ is a self-converse score sequence. 
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In this chapter, we deal with the deviations in 2-digraphs. In 
section 6.1, we define the deviation sequence of a mark sequence 
of a 2-digraph and obtain some inequalities. We characterize 
deviation sequences of irreducible, uniquely realizable and 
self-converse mark sequences of 2-digraphs. 
6.1 Deviation sequences in 2-disravhs 
The deviation sequence of a mark sequence 
P = (JP\>V2>'">Pn) of ^ 2-digraph is the sequence 
D = (di, 6,2, ...,dn) where di = Pi — 4(i — 1) and df is called 
the deviation of mark pi, for each i, 1< i <n. 
The mark sequence P = iPi,P2>->Pn) is in non-
decreasing order if and only if dj - dj+i < 4 for each i < n. 
It is easy to verify that 
k k 
J]rfi = ^Pi-2/c(/c-l) (6.1) 
i=l i=l 
for each k,l < k <n. 
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The following result characterizes the deviation sequence of 
a mark sequence of a 2-digraph. 
Theorem 6.1.1; A non-decreasing sequence of non-negative 
integers P = (Pi,P2. —>Pn) is a mark sequence of a 2-digraph if 
and only if for 1 < k < n, its deviation sequence 
D = (di, d2,..., dn) satisfies the inequality 
k 
Y^di>0 (6.2) 
i=l 
with equality when k — n. 
Proof; Suppose that a non-decreasing sequence of non-negative 
integers P = (pi, P2> - > Pn) is a mark sequence of a 2-digraph. In 
this case, Pirzada and Samee [47] reported that 
k 
ypi>2kik-l) 
for 1 < /c < n, with equality when k = n. Thus 
k 
^Pi-2fe(fc-l)>0 
i= l 
fori < k <n, with equality when k = n. 
Using condition (6.1) in above inequality, we get 
k 
i=l 
for 1 < /c < n, with equality when k = n. 
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Conversely, let us suppose that the condition (6.2) holds, 
that is 
k 
for 1 < /c < n, with equality when k = n. 
Substituting di=Pi — 4(i — 1) in above inequality, we get 
k 
Y^iPi - 4(i - 1)) > 0 
i = l 
for 1 < /c < n, with equality when k = n. Thus 
fc k 
^Pf-4^(i-l)>0 
i= l i= l 
for 1 < fe < n, with equality when k = n.So 
k 
y Pi - 2/c(/c - 1) > 0 
i=l 
fori < k <n, with equality when k = n. Therefore 
k 
Ypi>2kik-1) 
i=l 
fori < k <n, with equality when k = n. 
Hence P = (pj^, p2. - , Pn) is a mark sequence of a 2-digraph. D 
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6.1.1 Inequalities in 2-di8ravhs 
We obtain some inequalities for deviation sequences of 
mark sequences of 2-digraphs. 
Theorem 6.1.2; A non-decreasing sequence of non-negative 
integers P = (Pi,P2, —>Pn) is a mark sequence of a 2-digraph if 
and only if for I Q [n] = {1,2,..., n], its deviation sequence 
D = (di, ^2' —' ^n) satisfies the inequality 
^ d i > 2 ( ' 2 ' ) - 2 ^ a - l ) (6.3) 
iei iei 
with equality when |/ | = n. 
Proof; Pirzada and Naikoo [43] reported that a non-decreasing 
sequence of non-negative integers is a mark sequence of a 
2-digraph if and only if for I Q[n] = [1,2, ...,n}, 
z--Z('-)-e) 
iei iei 
with equality when |/| = n. Now 
Jp,>4^a-l)-2^0-1)+ 2(5 
iei iei iei 
with equality when |/ | = n. So 
^p,_4j(i-l)>_2^(i-l) + 2g) 
lei iei iei 
with equality when |/| = n. Thus 
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Yspi - 4(i -1)) > -2 ^ ( i -1)+2 (y) 
ie/ £6/ 
with equality when |/ | = n. Therefore 
Y^di> -2 2^(i - 1) + 2 (^ 2^ ) as rf, = Pi - 4(1 - 1) 
16/ ie/ 
with equality when I/| = n. Hence 
^d.>2g)-2^a-i) 
16/ 16/ 
with equality when I/| = n.D 
Theorem 6.1.3; A non-decreasing sequence of non-negative 
integers P = (Pi,P2, ...,Pn) is a mark sequence of a 2-digraph if 
and only if for / c [n] = {1,2, ...,n}, its deviation sequence 
D = (di, ^2,..., d„) satisfies the inequality 
^ di < |I|(2n - 111 - 1) - 2 ^ ( i - 1) (6.4) 
ie/ 16/ 
with equality when |/| = n. 
Proof: Pirzada and Naikoo [43] gave a result that a non-
decreasing sequence of non-negative integers is a mark sequence 
of a 2-digraph if and only if 
^ P i ^ 2 ^ a - 1)-Mll(2n - HI - 1) 
ie/ 16/ 
with equality when |/| =n. Now 
^ P i < 4 ^ a - 1) - 2 ^ ( i - 1) + |I|(2n - HI - 1) 
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with equality when |/| = n. So 
Y^Pi- 4 ^ a - 1) < - 2 ^ ( i - 1) + |Il(2n - III - 1) 
16/ 16/ iei 
with equality when |/|. = n. Thus 
^ ( p , - 4a - D) < -2 ^ a - 1) + Il|(2n - HI - 1) 
16/ ie/ 
with equality when |/| = n. 
Since di = Pi — 4(i — 1), we have 
^ di < - 2 ^ ( i - 1) + |I|(2n - |I| - 1) 
16/ 16/ 
with equality when |/| = n. Hence 
^ d , < | I | ( 2 n - | I | - l ) - 2 ^ a - l ) 
16/ 16/ 
with equality when |/| = n.D 
Theorem 6.1.4; Let D = (^1,^2, ...,dn) be the deviation 
sequence of a mark sequence P = iPi,P2, -iPn) of a 2-digraph. 
Then every deviation di of mark p^  , for 1 < i <n, satisfies the 
inequalities 
2 ( 1 - 0 < di < 2 ( n - 0 - (6.5) 
Proof; For a mark sequence P = iPi,P2>-,Pn)^ Pirzada and 
Naikoo [43] reported that the mark Pi , for all i, 1 < i < n, 
satisfies the inequalities 
2 ( i - l ) < Pi < 2(n + i-2). 
Substituting pj = d^  + 4(i - 1), we get 
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2 ( i - l ) < di + 4 ( i - l ) < 2(n + i - 2 ) 
2 ( i - l ) - 4 ( i - l ) < di < 2 ( n + i - 2 ) - 4 ( i - l ) 
- 2 ( i - l ) < di < 2(n-i) 
2 ( 1 - 0 < di < 2(n-i).D 
Theorem 6.1.5; If P = (pi,P2> ->Pn) is a mark sequence of a 
2-digraph and D = (di, ^2,..., d^) is the deviation sequence of P, 
then 
fc k 
y d? > y (4 - dj)2 - 16/c (6.6) 
i= l i= l 
for 1 < /c < n, with equality when k = n. 
Proof; Let P = iPi,P2> —>Pn) be a mark sequence of a 2-digraph 
with the deviation sequence D = (di,^2, ...,d„). Then from 
Theorem 6.1.1, we have 
fc 
0 < ^ d i 
for 1 < k < n, with equality when k = n. Now 
k 
0<8Ydi 
i=l 
for 1 < k <n, with equality when k = n. So 
k k k 
y df + 16/c < s y di + y d? + lek 
i=l i= l i= l 
for 1 < k <n, with equality when k = n. Thus 
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y d? - 8 y di + 16fc < ^ df + 16/c 
i = l i = l i = l 
for 1 < /c < n, with equality when /c = n. Therefore 
dl + dl + -"-^dl- 8di - 8d2 8 ^ 
k 
+ 16+ 16+ - + 16 < y d? + 16/c 
fc times 1=1 
for 1 < k <n, with equality when k = n. Thus 
fc 
(4 - di)2 + (4 _ ^2)2 + ... + (-4 _ a^y < ^ df + 16/c 
for 1 < k <n, v t^h equality when fc = n. So 
y(4-d£)^<yd? + 16/c 
i = l i= l 
for 1 < fc < n, with equality when k = n. Hence 
fc k 
Y^i4 - di)'- 16k <J^df 
1=1 i^ 
for 1 < k <n, with equality when k = n.O 
Theorem 6.1.6; If P = (pi,P2/ -'Pn) s^ a mark sequence of a 
2-digraph and D = (d ,^ d2,..., d„) is the deviation sequence of P, 
then 
fc k 
^ d? > ^(4 /c - 4 - d.)2 - 16/c(fc - 1)2 (6.7) 
i= l i = l 
for 1 < k <n, with equality when k = n. 
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Proof: Let P = (Pi, P2, - . Pn) ^e a mark sequence of a 2-digraph 
with the deviation sequence D = (di,d2,..-,dn)- Then 
k 
for 1 < fc < n, with equality when k = n. Now 
k 
0 < 8(fc - 1) Y dj 
i = l 
for 1 < k <n, with equahty when fc = n. So 
k 
\2 y d? + 16/c(/c - 1)^  
i = l 
n. n. 
< 8(/c - 1) y dj + y df + 16k{k - 1)' 
1=1 i = l 
for 1 < k <n, with equahty when k = n. Thus 
k k 
y df - 8(A: - 1) y dj + 16/c(/c - 1)^  
k 
v2 < y d? + 16/c(/c - ly 
i=l 
for 1 < k <n, with equaUty when k = n.So 
k k 
^ df - 2(4/c - 4) y df + /<:(4/c - 4)^  
i = l i= l 
k 
< y df + 16/c(/c - 1)^  
i = l 
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y df + 16/c(/c - 1)^  
for 1 < k <n, with equality when k = n. Therefore 
dl + dl + - + dl- 2(4/c - 4)di 2(4/c - 4 ) 4 
+ (4/c - 4)2 + (4/c - 4)2 + -. + (4/c - 4)2 
fc times 
fc 
< y d? + 16/c(/c - 1)2 
i = l 
for 1 < k <n, with equality when k = n. Thus 
(4/c - 4 - di)2 + (4A: - 4 - dz)^ + - + (4/c - 4 - dfc)2 
< 
i=l 
for 1 < k <n, with equality when /c = n. So 
k k 
y (4/c - 4 - di)^ ^ y i^- + 16^(^ - 1)^ 
i = l t= l 
for 1 < k <n, with equality when k = n. Hence 
k k 
y (4/c - 4 - df)2 - 16/c(A: - 1)2 < Y df 
i=l i= l 
for 1 < k <n, with equality when k = n.B 
6.1.2 Characterization of mark sequences 
In this section, we obtain some results for the deviation 
sequences of irreducible, uniquely realizable and self-converse 
mark sequences of 2-digraphs. 
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Theorem 6.1.7; Let D = (dj, ^ 2,..., dn) be the deviation 
sequence of a mark sequence P = {p^.pi' -'Pn) of a 2-digraph. 
Then P is an irreducible mark sequence if and only if for 
l<k<n-l, 
k 
y d/ > 0 (6.8) 
Y^dt = 0 (6.9) 
i=l 
n 
and 
Proof; Pirzada and Samee [47] gave a result that a non-decreasing 
sequence of non-negative integers P = iPi,P2>—>Pn) is an 
irreducible mark sequence if and only if for 1 < fc < n — 1, 
n 
y Pi > 2k(k - 1) and ^Pi = 2n(n - 1). 
1=1 t=i 
Then for 1 < /c < n - 1, 
k n 
^Pi- 2k(k - 1) > 0 and Vp^ - 2n{n - 1) = 0 (6.10) 
i=i i=i 
Since di = Pi- 4(i - 1), thus we have 
k k k k 
^ rfi = ^ Pi - 4 ^ ( i - 1) = 2^ p, - 2/c(/c - 1) 
1=1 i = l i = l j = l 
n n n n 
and 
i=l i=l i=i 7 ^ 
Using these values in condition (6.10), we get 
H Ti  n
2rfi = ^P^-4^(i-l)=^Pi-2n(n-l). 
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n 
V di > 0 and 2^ dj = 0 
i = l 1=1 
Hence the result. D 
Example 6.1.1; Let P = (2,6,8,10,14) be a mark sequence of a 
2-digraph. The deviation sequence of P is D = (2,2,0, —2, —2). 
We note that i;f=i di>0 for k = 1,2,3,4 and Ef=i dj = 0. 
Hence P is an irreducible mark sequence. 
The following result gives all the irreducible components of 
a mark sequence P of a 2-digraph. 
Theorem 6.1.8; Let D = (di,d2,...,dn) be the deviation 
sequence of a mark sequence P = (PvPzi —>Pn) of a 2-digraph 
having vertex set V = [vi, V2...., Vn). Suppose that 
r 
Ydi = 0, (6.11) 
i= l 
t 
Ydi = 0. (6.12) 
i=l 
k 
and V df > 0, for r + 1 < /c < t - 1, (6.13) 
i=l 
where 0 <r < t <n. 
Then the mark sequence wjth deviation sequence 
(d^+i, dj.+2> — > dt), is an irreducible component of P. 
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Proof: Let D = (di, 6.2,..., d„) be the deviation sequence of a 
mark sequence P = (Pi,P2, —>Pn) of ^ 2-digraph having vertex 
set V = {Vi, V2,..., Vn] with conditions (6.11), (6.12) and (6.13). 
Now substituting di =Pi — 4(i — 1) in above conditions, we get 
r t 
Y^(Pi - 4(i - 1)) = 0, ^(pi - 4(i - 1)) = 0 
i = l i= l 
and V(p£ - 4(i - 1)) > 0, for r + 1 < /c < t - 1, 
i = l 
where 0 < r < t < n. Thus 
r r t t 
^ Pi - 4 ^ ( i - 1) = 0, ^ p. - 4 ^ ( i - 1) = 0 
i = l i= l i= l i = l 
n. ft. 
T p i - 4 Y ( i - 1) > 0 for r + 1 < /c < t - 1, and 
i= l i = l 
where 0 < r < t < n. Therefore 
r 
Y^Pi- 2r(r - 1) = 0, ^ p i - 2t(t - 1) = 0 
i = l i= l 
n. 
^ Pi - 2kik - 1) > 0 for r + 1 < /c < t - 1, 
k 
and 
i=l 
where 0 < r < t < n. Hence 
r 
^ p . : = 2r(r - 1), "^Pi = 2t(t - 1) 
i=l i=i 
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k 
and y Pi = 2k(/c - 1) for r + 1 < /c < t - 1, 
i = l 
where 0 < r < t < n. 
Then using Pirzada's [47] result, we have: 
The subgraph induced by the vertices Vf+i, Vr+2> - , Vt is an 
irreducible component of the 2-digraph. Therefore the mark 
sequence of the above irreducible component is also irreducible. 
The deviation sequence of the obtained irreducible component of 
mark sequence is (^^+1,^^+2/-'^t)- Thus the mark sequence 
with deviation sequence ( dj.+i, d^+Z'-w cit)^  is an irreducible 
component of P. Hence the result. D 
Theorem 6.1.8 shows that the deviation sequences of the 
irreducible components of a mark sequence P of a 2-digraph are 
determined by the successive values of k for which 
k 
y df = 0, for 1 < /c < n (6.14) 
i = l 
i.e. the successive values of k for which equality holds in 
condition (6.2). 
Example 6,1.2; Let P = (0, S, 10,10,15,20) be a mark sequence 
of a 2-digraph. The deviation sequence of P is 
D = (0 ,1 ,2 , -2 , -1 ,0) . Here condition (6.14) is satisfied for 
k = 1,S,6. Thus the deviation sequences of the irreducible 
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components of P in ascending order are (0), (1,2, —2, —1) and 
(0). 
Theorem 6.1.9: A mark sequence of a 2-digraph is uniquely 
realizable if and only if each of its irreducible component has 
deviation sequence either (0) or (1, —1). 
Proof; Pirzada and Samee [47] showed that a mark sequence of a 
2-digraph is uniquely realizable if and only if each of its 
irreducible component is either (0) or (1,3). The deviation 
sequences corresponding to these components of the mark 
sequence are (0) or (1, —1) respectively. Hence the result. D 
Example 6.1.3; Let P = (0,5,7,13,15) be a mark sequence of a 
2-digraph. The deviation sequence of P is D = (0 ,1 , -1 ,1 , -1) . 
The deviation sequences of the irreducible components of P are 
(0), (1 , -1) and (1 , -1) . Therefore P is a uniquely realizable 
mark sequence. But mark sequence P = (0,5,7,14,16,18) of 
a 2-digraph having deviation sequence D = (0,1, —1,2,0, —2) is 
not uniquely realizable as the deviation sequence of one of its 
irreducible components is (2,0,-2). 
Definition 6.1.1: Let D = (^di. d2> - > d-n) be the deviation 
sequence of a mark sequence P = (Pi,P2> ->Vn) of a 2-digraph. 
The mark sequence P' of the converse 2-digraph is 
P' = (4n - 4 - p„,4n - 4 - p„_i, ...,4n - 4 - pi) 
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The deviation sequence D' of the mark sequence P' is given by 
D' = (i-dn,-dn-v..-,-di). 
D' is called the converse of the deviation sequence D. 
Theorem 6.1.10; A mark sequence P = (pi, P2, —. Pn) of a 
2-digraph is self-converse if and only if its deviation sequence 
D = ( di, d2,..., dn) satisfies 
^ di + dn+i-i = 0 (6.15) 
for all i, 1 < i < n. 
Proof; We have shown in Chapter 4 that a mark sequence 
P = (Pi,P2> —>Pn) of a 2-digraph is self-converse if and only if 
Pi + Pn+i-i = 4n - 4 for 1 < i < n. 
Substituting Pi = di + 4(i — 1), we get 
di + 4(i - 1) + d„+i_i + 4((n -f 1 - i) - 1) = 4n - 4 
for 1 < i < n. So 
di + dn+i-i + 4(n - 1) = 4n - 4 
for 1 <i <n. Hence 
di + d^+i-i = 0 
for 1 < i < n.D 
Suppose D = (di, d2, ...,dn) is the deviation sequence of a 
mark sequence P = (Pi,p2, -...Pn) of a 2-digraph. We note that 
the mark sequence P is self-converse le. P' = P if and only if 
D' = D. (6.16) 
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Definition 6.1.2; Suppose D^  = (d^,di2^-/dim) ^nd D2 = 
(^21,^22; —/Ci2Ti) ^re the deviation sequences of mark sequences 
Pi = iPii>Pi2. -.Pim) and P2 = (P2i>P22. - .Pzn) of 2-digraphs 
of order m and n respectively. Let us define 
J^i + D2 = ( " 1 1 / "12 / ••• / " l7n/ " 2 1 / " 2 2 / ••• > " 2 n ) 
Clearly the sequence D^  + Z)2 is the deviation sequence of 
the mark sequence Pi + ^2-
Let Di,D2, ...,D]^ be the deviation sequences of the 
irreducible components P^, P2,..., Pjc of a mark sequence 
P — (Pi'Pz'—'Pn) whose deviation sequence is D = 
(di, ^2/ — / dji). Then the deviation sequence D and its converse 
D' can uniquely be decomposed as 
D = Di+ D2+-...+ Dfe (6.17) 
and D' = Dfe + D^.^ + ••• + D[ (6.18) 
Thus a mark sequence P of a 2-digraph is self-converse if and 
only if 
D'k+i-i = Di for l<i<k (6.19) 
Example 6.1.4; Let P = (0,5,8,11,17,19) be a mark sequence 
of a 2-digraph. The deviation sequence of P is 
D = (0 ,1 ,0 , -1 ,1 , -1) . The deviation sequences of irreducible 
components of P are D^  = (0), Z)2 = (1,0,-1) and 
^3 = (1/-1) . 
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The deviation sequence of the converse mark sequence P' is 
D '= (1,-1,1,0,—1,0) and the deviation sequences of the 
irreducible component of P' are D[ = (1,-1), D2 = (1,0,-1) 
and D3 = (0). 
We observe that the condition (6.19) is satisfied for /c = 3 and 
1 < i <3. Hence P is a self-converse mark sequence. 
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